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introduction 
We often must deal with a list of. numbers: 



scores &n a -bowling match, 
;yhe- number. of inches annual rainfall in San Francisco, the- wages paid the 
'^different employees of a company, tlje 'number of TV sets sold in a^epartment 
store each month, , and so on. Whet can we do with these numbers? It is hard 
to draw conclusions just by looking at the numbers. . This is. particularly 
true if the list is a long one. • We need" some way to see the situation as. a 



whole. 



It-is often helpful to Jshov the position of the numbers ..along the 
number line. When there^are repetitions we can pile tht*' points or dois.^bove' 



one another. The result' is called a dot frequ<gcy diagram. 



c 



Figure 1- 




^jjus Figuje l is a dot frequency -diagram for 0 V 1, 2, 2-, 2, 3* 3$.k* .' # , 

To illustrate- .the' u\e' of. such a diagram, suppose tkat*a manuscript has 
just, been discovered. \t is. sheeted that it was written by Sir Christopher 
Wren, the architect of St Paul 'V Cathedra}, ( ^32-1^23) In .the m attempt . to 
decide 'whether this, conjecture is correct, a caWul study ^s .madetfof the 
•style of the manuscript so o that it can 'bk compared with the known writing; 
of Wren. One obvious' thing to stu% .is the \eng4 of the'wgxds used. Some 
authors tend to use many long words 1 . Others are Jiore sparing in their use,. ^ 
To show* how a study of word length' can te carried' out, we have chosen at 
random a page in a book and made the following tally of th> number o?. , ' 
letters (69^) in'the fir^t 1^0 words. 
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■ Table 1 
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The results of this tal\y are given in the frequency column of .Table 1. 

. ' ■ A - c ■ * * 

last column of this table gives the total number of letters, in all the -word s s 

of a 'given length. For example, for words qf. 5' letVers ^he . frequency is ■ , 1 

•17 and consequently there are, 5* X 17*= 85 letters. , 




IT 



15 



lU 10 
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. Figure 2 . ^ 
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•Figure 2 shows how. these numbers appear on the number line. In cases 
where there would" be many dots above a numeral, we have simplified the 
picture by running £he dots together so that the 'number of occurrences 
(the frequency )" becomes the ordinate of the topmost i cfot . " „ f 

■ , The numbers have a tendency to cluster .about 'a central value.' In 

practice there are three different ways that are used to determine the center. 

* - ' ■ " ; 

(l) The mode is the most fashionable value, the one that has. trie 
highest' frequency . IriVour- example ^-jtj ie mode is 3 since its. 
, . \ ' frequency (27) is the highest^ - 



(2) The median is ^the middle number in a' listing in order of size. 

If the number of items is even there are two candidates for the * 
noddle. In this case we choose the smaller. ' In our example, 
then, -we locate the 70th number, which is k . 



(3) The mean * or average is the total number of letters divided by 
the number of words. In our example,. 69k .divided by 1^0 is 

y 

I+.96. The total 'number of letters is obtained by adding the. 
subtotals in' the latet column of the table. 



We notice that the mode and-the median are necessarily whole ,numbers ,■ 
""""but that the mean need not bel , ^ .' -> . 

Each measWe of central^endency is useful for certain'purposes . . ' L 
However, we sha^l deal almostelexclusively with the mean since the mathematics 
is .so much more sat is factory. ..In' the. exercises you will discover certain 
properties of the mo#e, median, and mean. ' , 

Exercises 2^-1 - * » * 

.1. X n - a theme that you have, written for English 01*' History /make a^ tally 
of the number of words, of different lengths frq^' among the first' 200 
words. Construct a dot frequency diagram-. ; Find the mode,' median, 
and mean. ' 
2. (a) V/hich of the measures of central tende-ncy is certain to change, 

if one of the numbers is changed?* ■ \' * 

.(b) Show that the other measures "need not change. » ' ■' , 

3.. ' Give, an example" to show that there could be . two or more equally popu- 1 
. lar^numbers in a list. In this case it is .usually argreed that the. " 
''■ set of numbers does not have a mode.. Could a sei/pf numbers have two,* 
'mecTians? two means? • •■ ■' * 



In a certain small town, "there are- 1001 persons with t incomes : one 
with an income of $2,000, 000' a year and 1000 wage .earners, each' ' 
•with an annual income of $6,000. What is the mode? the median? 
the *mean? If you were thVnking of moving to this town, which of these 
three. measures would yvu/ prefer to know? 

Which of the. three measures of central tendency can be found without 
arranging the numbers in order or finding the frequencies? 

; If you add a single. number" a ■ to a list of. n numbers, what is the 
greatest possible effect on the mode? on 'the median? 'on the mean? 
Illustrate your .conclusions, 

\ ' .'■ 

For each member of your class list the number of^complete months that 
have passed. since his or her last birthday- Make a dot frequency t 
diagram. Find the mode> median, and mean' for the numbers of months. 
Save your data for use in the next section. • * ? 4 

List the weights c of the membeite-*of your class to the nearest pound. 
Make a dot frequency diagramf Find the mode, median, and mean.^ 
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25-2. Cumulative Frequency - 

» v 

^Let us turn back to the data^ oh word length presented in the last 
section. and consider another way of picturing these data. For convenience 
we copy the frequencies from the table obtained from the tally. 

Number of Letters in Word Frequency Cumulative Frequency 
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. * ': We have added a third column headed Cumulative Frequency . To find 
an ejifcry'rin this polumn we add to the entry above it- the* ' frequency listed on 
the sameVline. For example, on line 7, Vthe entry is 105 + 1^ = 119, 

^bw.for the new picture. We locate the points (x,y) where x is 
a number in the first column. and y is the corresponding- cumulative frequency 
liited in column "Uhree. ■■ (See Figure 3.) 
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Figure 3 " 

For greater clarity ve draw vertical lines to represent the ordinates of these 
points . . . 

Let us draw a horizontal line through the midpoint M of the interval 
[0,1 1*0"] - on the Y-axis and find 'its first intersection with an ordinate. 
This occurs at x = k which is the-median of "our set' of numbers. The 
interval [O,^] on the X-axis . contains all the ..points whose ordinate ' y . 
is in the interval [0,70]*- on the Y-axis and the interval ' [^,15] on 
the X-axis, "contains all the points- whose ordinate lies in the .interval 
[70,1^0] on tV Y-axiS', , 

Often the entire cumulative w frequency (interval Jj/ divided into four 
equal subintervals . . In our example, these intervals, are [0,35], [3^,70], 
[70,105 ], and [105^,1^0], The corresponding intervals ' on-the X7axis 
are [0,3], ^ [3^],- [M>], » nd [6,15]. The number , 3 is called the 

lower quart ile and 6' is 1 called f^the upper quartile . 

>' . 

Sometimes even finer divisions are .used. This is done by dividing the 

■ total cumulative frequency interval into 100 equal parts. a If we mark a 

new scale on. the Y-axis with 100 opposite 1*4-0 we can-read percents'of . 

J 

the^ total frequency (]A0) directly. v f ' " - ' 

"Let a horizontal line segment be drawn on Figure 3 from the point 
marked "P percent to its intersection with the first, ordinate encountered. ■ 
The corresponding abscissa x is called the Pth percentile . ■ Thus the 



median is the 50th percentile and the lover and upper quartiles 'are\|25th 
and 75th percentiles respectively . The 10th percentile is. ; .l. The 90ty 
percentile corresponds to a* cumulative frequency of • 3.U0 = 

is therefore 8. ^ 

Exercises 2*3-2 .'<■"■*■ 

1. ' * For the example in the text, find the 30th percentile; the 80tK percen- 

•* tile, and the Aoth percentile^. 

2. • In the example in the text, show that the kOth percentile- and the 50th 

percentile are the same. ■ ' y 

*3. 'Use the data collected' in problem 7 of Exercises. 25-1 to construct a 
table of cumulative 'frequencies and to draw a cumulative frequency . 
diagram. - ■ . : ' 

If. . From' the results, of Exercise 3, find th^jnedian, ■ the Lover quart ile, 

the upper quart ile, and the 60th percentile. \ 
5. . Find the lower quart ile, median, and upper quart ile for problem U of •. 
the previous section. . 



25-3. The Uses of Statistics f ■ v . 

'weXtarted our discussion of word ''length with an imaginary discovery 
' of a manuscript which was thought to bcViltten by Sir Christopher Wren. 
The pattern of word length might be one piece -of evidence. Of course, we 
would hope for something -better, ^ 1 ike a reference to some event that only 
he would have been likely to Know. . • . , 

However, sticking to the word length study, questions arise about th 
reliability of a sample of this sort. \^ is, if we assume that the docu- 
' ment was written by Wren, how likely is it .that this -sample of ll»0 wo-*s 
would . resemble similar samples taken from Wren's known writings?,^ If it were 
not. written by him, how much' agreement could be expected? -We would expect, 
that the reliability of a sample would increase with its .size so Vr " if we 
knew the patter/i fqr a" 10,000 worn '"sample we would have more- confidence. 
'* than .if- we had to reasoj^from a rather small one. So sample size is ^ surely^ 
• iTijjfibrtanU ■ , ' . ' • „ ■ 



The problem of sampling is a central one -in the study of statistics, ■ 
Its importance is -rather obvious. Whfn. we wish to predict the results of an 
election j we take a poll of the opinions of a relatiyely %mall sample of the" 1 
population. "Ed poll the whole population would -be frightfully expensive. Jf 
we wish to tg|t a new drug, we try, it out on a. sufficiently large. sampJe of 
patients to draw what we hope are^valid conclusions. What determines the ' ' 
reliability of a sample? We shall have something Tftf^ay ahout this quest ion 
toward the end of the chapter. r Before we can do this we must learn to 
describe - any set of numbers which might represent a sample. We shall learn 
to do this in the next few sections. ' O^"" ■• 

: We shall first learn more about the average or Taean of a, set of numbers 
Then we shali learn how to measure the extent to wfricji arset o.f numbers^ is 
scattered about its mean as ' a. center. It ,is very remarkable that a list of 
numbers, even a long list, can be rather well described by using only two 
numbers: one a measure of central' tendency; the other a measure of scatte*^ - 

Hereafter we shall haVe nothing more to say about the mode or the 
median as a measure of central tendency. We shall use for this purpose onJ_y 
^£he mean (or average).' : ^ 

' Exercises g5~3 " 

(One third of the ^c lass should do Exercise 1, 

a second third Exercise 2, and the remaining 

third Exercise 3- "Everyone should do Exercise k.) * 

0 

•1. Select any book of a general or popular nature. Turn to a page at 

random and make' a tally~of the 'number ^of letters 'in the first 100 

. words. Find the average --or me*an word length.. Repeat this experiment 

n. ;for four other' pages in the same book. Compute the averages of y6ur 

samples « \-. ' a 

. ■ - 

2. Select a child , s book.. Proceed, as in Exercj.se 1. - " * r 

3. Select a technical book. Rroceed as in Exercise 1. >> 

'If'.' Discuss a number pf practical situations in which it is important to 

\ use the results of a sample to draw conclusions ■ about a population. 
The word •"population" is used here to stand for any set of numbers 
from 'which the 'sample is chosen. The numbers need not be numbers of 
people. - . « : *' 
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25-!*, Averages m *\ % • 

■-. - ' . Suppose; that a student makes the following five bowing scores: ' 
■ ■ ; ' •■ .•' 13O, .120, 135, 1*5 > 1*0." • 

>at single number beVt respresexits his performance? The usual answer * is 

the average of these' five numbers, that, is . ^ 
* ' s ■ "* ■ . - • 

v - 130 + 120 + 122 : + 1^ + ljjQ fig _ 13 i l b ' ■ 



4fts*ead : of-the word average .we often use the term arithmetic mean, |r simply 

the- word mean .' ~- • ' . v - ■ 

.'• In general,.- if ve nave > n numbers ■ • . ? • 

■ * ■ . ■ w ■.'*■■ 

" ' % ■ x i_i x 2' < '' X 3> * Xn ' 

their average ,x„ ..pronounced "x bar ," is simply • . ■ , . 

■ *i + * 2 + ••'•' + X n . ' . 



, x - n. 



* -The average gives equal importance to each of the numbers in the list. 

To find the average we merely add these. numbers and divide by the number of 
'" items. This is a very simple .process. Nevertheless a careful ■ study of the 

properties of the average leads to remarkable results, as we shall see. But 
'this, is typical of mathematics where thinking so" often pays very large divi- 
. dends • K ■ . 

To begin with, we remark that it is not necessary that the numbers. 

.- x be all different from each other. For example, the 
■ X ]_J ■ 2 9 " ■ 1 " 9 n 
average of ■ - 
^ 80, . 80, 90, 100 ■ 

.. is ■' • * • ' _ . 

80 + 80 + 90 + 100 350 ' Qrj r ' '. 

■ In the extreme' case, all n numbers my be the same. The average of 
. "... 15, 15, 15, 15, 15 ' . 
is of course 15," . and the average of any number - n of equal items .c is , 
just ' . 

n terms 



' c + c. + c + . . . + c = nc _ c . 

n n 



Another obvious remark is that if .any of the numbers "is' replaced by a 
larger one, the average x'** a/ill be increased. Repeated use of this principl 

. shows that x is- less than the, largest number in the list. ■ 

. . ■ ' * > ■■ . " 

•. For -example, in the list (x^^'x,^ x^, x^) = (3, 1, 5, 2) if 

we replace 1 by ,5, the^largest number, we get the new list 

(3y 5, 5/2) whose average, is larger than the original one. If we' now 

. . y — ^ e „"...'. 
replace 3 by 5 and # 2. by 5, we obtain the list (5,. 5; 5j 5) 

whdJ^ average is certainly 5 . We- conclude that the original x < 5 . 

(i More generally, let M- (for maximum) .beth£ largest number in the 

■ t ■. ' „ 

■' list.. Let x . be any 'smaller Jiumber. If wo^ replace x* by M, the >ajverage 
.will be increased. If we. repeat this profess for each x less than 
we will finish. with n equal numbers M .. Their average is 
at #ach step we increased the average, the result ' M is bigger the 
original x. ( Of course if . all of the numbers are equal to begin/with, any 
.^one of them can- be called M and x = M . ) 1 

■ It is -equally clear that if any entry is replaced by a sma/Ller number, 
the average will be decreased ; and consequently x is greater tjfian m (for 
minimum ) , the smallest number in the list. Thus- 

- * f - , m<x< M . 

* ■ V. ■ 1 ' ' ■ . 

If we wish to include the^ possibility that- all the given numbers are equal, 

we have 7 . - 

t •' . ' 

■ m < x < M 

where the equal signs can be used' only when , m = M. 

>■> 

'Let "us return to the problem with which we began. You will remember - 
that the average- of 130, 120 > 135 , lK$ , ihO turned out to be I3U . 
*■ We now introduce ah idea*^nich often simplifies the arithmetic. Let us' 
consider the new 'list of. numbers 

■ 10, 0/ X5, 2p, 20 . :' 

obtained by subtracting the smallest one (m - 120) from each of the . 
original list* The new average is 

10 £ 0 + 15 + 23 + 20 _-'70 1 . * 

■ ; . ; . 5 5 1 " ■ " 

' If we add ik to ' 120 we obtain 13^ , the average found before. Is 
.. this an accident? 




10... ' 

U 



."•/ Instead d? subtracting the smallest number m, let us subtract 130 
frof each of " the original- numbeiy^^We may -think of 130 as a guess at the 



req 



li red average. The new^ list is- 

, J -. ' S -tf/ -10, 5, "'.15, .10 



- • or) \ * ■ " «** ' " 

whore average .is = ^ ) 'Now 130-^- Jr = 13 } f is "the avSrSge of the original 

■list of numbers'.. ■ ■, 

If we guess. 135 . for the average and subtract this from, each number 
in- the . original list, ve obtain the' .numbers 

V * . .-5/ 6,. io r x 5 • 

'whose average-' is- ^ * -l.-^Then • li£f*+ ("-!) = ^ ~ iG ^ e actual average.. 5 ^ 

■ * " Let c be tt>e number* which^we subtract from each of those in the lis't. 
You. will noWce-fhat the closer c is^to x f -the .smaller _ is the new average 
to be obtained. The arithmetic to' be performed- is usually easier. Of bourse, 
Tj^gative numbers may occur, but often they" can be quickly ■ combined .with posi- 
tive/numbers, v V''^ 

- Let us state the principle which seems to be behind these examples. 

Let c' be any number. -If we subtract c from a number x, we obtain 

x - c. . The average of these, diminished numbers can be written ( x - c ) . 
In our examples we have seen that 

x '= ( x - c ) + c . ■ '■ 

This equation is equivalent to . ' 

(1) ' , (x - c) = >: - c . 

• Can we. prove thaj ( 1 ) is a] ways true? 

V/hat is (x - c) ? It is s ; 

■ (x x - c) +'(x 2 - c) + . . s + (x n - c) / • 



But this is 



x 1 + x 2 + ... + x n ■ ■■ c + c 



• e ■ Exercises 25 -k f . <■* •■ 
1. " We vi£h to average the following^ numbers ' ^ 3 " 
- ■ ^?8, -93,. 101,1 no, 95.. . 

(a) . Do this directly from the definition. 

(l): NoV subtract a suitable . number from eacK item of the list and 
, : • ■ apply equation ( l). Compare the' amount of arithmetic which, must 

* be performed in the two cases. 
2: " Use the method of this section to average " . 

' • ' 10.1, 10.3, 9-9, 10-8, 9.y:. 

3. In the example in the 'text, suppose that we choose ^ = 13^ to 

' subtract. What is'Wnew list? What is the average of the new list? 

k: ■ In- equation .(1),. let ■ c =.x, the ac^T average of the x»s . What 

is ( x - x) ^Compare - your.' resul-V^it^ Exerici.se 3- 

5 . " Compare the average of (2, -6,' l6 , 8>>£» with the average, of 

3, 8, , h, 5) • 4 ;•• • 

6. Show that . ax,^that is, 

ax + ax 2 + ... +.. ax R > . 



is a&ual to . a • x . . ■ • 

■ What .is the avenge of. the number ' of spots on the faces, of a die ( die 

is 'the singular of "dice")? • » •• .- ■ , • . 

-What then. is the average of 10, 20, 30, h0 , . 50, 60 ? 

of "100, - 200, 300, hOQ, 500, 600 ? 
of ^.l-, .2, -3, 'A, .5, -6^ .. 

8. Find the average^ff 

io. orN io.02., 10.03, io. (A/ 10.05, 10.06. 

9. . List the dates of birth ttr the- members of your class. Find the 

average year of birth as easily as you can. 
"10. iist the age in years for each member of your plass on his or. her 

' last birthday.' Find the. average age. . ..If you add this average age t 

V 12 " 
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-the answer of Exercise 9 vili^you get. the present ye*ar? Exp^ain-a^r. 
difference that you discover. . " : ' « 



x = 2.5 



A Picture >of . x t . \ * ■ \ . ^ . ; m .. . \ ^ 

. Let us rep/esent the numbers x , x . > v , x^ and their average 
Cdn.the number line. This ' .» 

is done for' 3\ 1 , 2 , 1.2 .3. * .5 0.1 

^ . # ,.• 

3^ 1± ^ 5 . ? in Figure h.- * V 

We have put an arrowhead 

• at the point' x =• 2*. 5 

to suggest 'a fulcrum or 

&& - Figure k * • 

a knife ^edge. . In fact^ - * V 

if we imagine that egual weights are placed at the given points, there wil^l 
be a balance about %he;-point^ x. 

Another illustration .3 ' 0 1 * S 

is shown in Figure 5- ■ • J " ' A ^~ 



1 



x = 1 



- <r 



In every case, - the 

fulcrum at', x lies between Figure 5 

, the left-most point and the 
* .**.-. n 

right-mofet point. 

\ \ m > 

We can see. very easily *Trom the picture that the equation 

(l) ^ (x - c) = x - c 

» ■ •* — 
is true. • Suppose that a set of points balances about a fulcrum af x 

Wow imagine that the coordinate' of "each point isjiecreased by c " but the 
points -remain unchanged" in position. The bar v^ll balance at the same plaice 
■ as before. The bar neither, knows'- nor- cares how we name the points. Since 
the point previously called x now has the new coordinate x - c y 
equation (l)_makes sense. • ^ ,• « ^ 

For example,j if ' we decrease each coordinate in Figure 5 by. c = 2 ^we 
obtain the numbers -shown^n. the lower scale in Figure 6 and . 



7 



i, t - " . X (' 



"-3 . "7 0 1( : . . h .5-' oj^i^coordi.nates 

v ; — » , " ^— ■ — r 

-5 -3/ -2 -1 » 2 . 3 *new coordinates 



N .j • * c - * » Figure *■ J. 

•' * . . :» - • . . * ^ 

* > ... - ' 1 ■ • • • * ..' , 

^ v ;. We jSaw in Exercise' 6 that ^ % - ' * " ' i 

• , • > r sk* , J,. __ . • _ 

>. • .. • . . • *c,= a... x. . • • 

4* ••' - ■ - ' . " ' \ v ■ 

gow.'ban^ye picture this result?. Simply in terms of a scale change! To b'e 1 

more definite, let -a = 3 • If we choose a n^w length unit wtiich is . zr~ of 

the c/riginal wit, each point will receive a new coordinate 3 times -as 

larse as' before. (This will not* change the pos-ition of • the ^fulcrum. ' .The-^ 

pbint ttiat was called- x - is now called 3x. ■ Consequently * 

' 9 * " 

* '■ _ f —>• , 

* " " 3* ^«3x. . ■ " < . 

^TlRta^the average 'of .(^,, 3, 6, 7 ^)^- is three times the' average of- 
(i, 1, 2*f). ' 




1 t.. 



-0-4 =#- 



2 ^ 3 \ old scale 



p 

-j 1 



7 77 9 • new scale 



V — - . ■ « figure ■ -v 

\ ( - ' 

(A similar argument can be made itor a dii'i^rent choice of a. ) 

Suppose that we have a- lo;1g list of nuTTfrers to ■average, say the first 
20 \primes . _ ' " • * 

. ■ ." /• 2 ^ 3,' 5", 7,^11, -43,. 17, 19^ .23, 2?, ' 

- 1 . ■■ ■ A' 

3.1,-37^1,^3, 47.,. 53, 59, -6l, -67 a 71 , 
\ _ 
"It is easy to "make ^a mistake inN^dd'ing K long list of numbers. .Instead of 

adding these. numbers \ahd dividing by 20,. let us take them in groups of- 10. 

' ■ . ' N - • , * * 129 .' . 

' Th^ average o,f : the. l?ir^ ten numbers is -^-^ .-12.9, 



\ ■ - r . 10 - t 

The 'remain^g^tel? numbers average r^- - ::1 



< 



••Hi 



ERIC 



Suppose now .that .we average -^fehese . two averages, Vbtafning 
.Is this tije-.same as the average pf the .20 numbers? - ,Yes;— because . <- _° 

i / 2 .+■ ?V .... ^^ .\.-' : 2L J^ffi + - - ^ - ' 
,-" • v g \ icy , £ —7' 

v. . • •' " 2 I : 10 * 7^ / ■ 

( 2 '-f 3- + ... +71 y ' • - • >■ 



"J 



20 ' ■ " f x • • * . " A 



. 'The argument * can be^'made more gend 

* : X t— — : . . 

. • •••*••• n ■ ■« 

**d " \ " •' v =' . y l. + y 2 + ••• + V \ y _. . 

; . if • * : 

. ^ i + 7 *i + x 2 + ' ; - + x n + y ,i" + +y n 

.then . ' ^2 ■* r ~~- 2ra ■ ~ '. • * / 

which is the average of tlje ^rT^numbers obtained by putting- the x T s and . ** ; 

• y*s -.together in a 1 single*! i,st"; . • * . * 

-It' "is • important to remember that thj-5 " number- of x T s is the'same^as' 

the number^of y 1 ^* Ii% for example, we^take . ^ * ; V 

■ * ' ■ J , 

* ^ 3, r >,>7 .•/.<.'.. ' ' 

whose average is h find'' ■ i • 

> * 2 r * .'. v 

whose average is '. 2, . -the average of tjie combined .list 

* . - ' -i.^'2, 3/ .v 5,/ : 7 ■ c ; ■ ■ * 

I, ' + o 7 . 22 11 . * 

• i s - not 2 = 7T but -z" = — » The two lists do/not. contain the same 

—~ 2 2 q 3 

" • ■ K.. • 

number of items! ^ . 

• y ■ ' \ . 

The principle . that we hav"e discovered may be given a slightly diffeTent ^ 
twi3t. Instead of writing- . — 



- , - x. + x 0 + .... x + y 1 + :.v *+ y 

U; 2 2n • , ' 



n 
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; '^h-e Side V* the' average o^e Sums obtained by adding a number 



, ■ x to a n,umber"^T^t^n naturally, written as. (x + y)..' J._. 



• Hence'' 

(2)' 




.** We^ean'usVthi^ form (2^-of the principle .to find some other averages 
rather easily. . 1> » S. 1 

. For example,, suppose that .we^sh to average monthly automobile ex— . 
'penses Of • $53.20.;' ^2.13 J *38.te | ^.59; *27.62 ' over a^ five-month 
period. .Let us think of 53 * 72, 3$ , ^ , _27 as the x»s and .20* 
.13, -55, .6? as the y»s: Since.' x = 5\.8 and y = .39, we 

obtain '••>'' ' . » 

, x~T~y = x + y = 5 J .-3 + -39 = 55--19- , 1 
^You should' check this result' by^averaging the actual. expenses. 

However, if we do not require tdo great accuracy we can simply ^. ' / 
calculate . x, the average of the number of dollars and forget about "y. 
How much error could be committed if we did this? In the .given problem,' the' 
"average' y ' cannot possibly, exceed .62, the largest, item. In no case 
■ could >y ■ exceed 1. ^ Consequently we would never be more than $1* off. 

' ^ ■ • ' - .' 

Exercises 25~5 ' T • . 

' ' " ! " • 

1. Illustrate. 'on the number line, that • 

' \ 1 . (x - c) = x - ^c } 

o _ o Y — L v = 5 and c = 1 • 

•with ; x = 1 , x = 2 , x — 3 , 3% - *i x 5 - , . - 

2. . Repeat Exercise 1 with c = 2 and . c = 3 . 

3* , Is i(t true that ' . 
- (x + c) = x '+ c ' 

5 where c is positive? Why? -Interpret the result on the number line. 



7: 



In showing oji the number line-that ' ax.= a • x, we chose the positive 
* . number a = 3. ' Is = (-1) x = (-l) x ?^Interpreft this, "equation on the 
\ < ^iumber , "line-. 

5. ^ Separate the list, of 20 primes in this section into four lists of \^ 
five primes, each- Fi^G. the average for each set of five andHhe 
average of these arfprages. . What conclusipn do you ; draw? . m _ k - 

-p..- .Find the average of ■ - • / ■ . X 

\ • 'I 
^ -^.50.03, 6U.01, 39-06 "and 17-10. 'y , 

by using th\method of this section.^ Show how this result could be „ 
estimated qui&Jtly with considerable 'accuracy . 

In the city of. I&oho 'there were two schools. In one school 80 percent 
■'■ of , the students ^.ssed a nationally set test. In \he other school 
90 percent passed. It was argued that in 'the city 85 percent • 
"passed. lsM:he argument '^valid one? Explain. • 4 

8.. You have 10 numbers whose average is 35.5 and h numbers whose 
' average is k3 . You have lost the original lists so that this is 
all that- you kn^w^What " i s . the average of the Xk items? " / 
( Hint : What was the sto of the 1^^ numbers? The sum of the "1+ 
• numbers? of the ; 1*4- numbers? ) ^ ' ~" 

9. : • If we have a" list of" n Jnumbers with average 4 x and another list t ' . 

of m ' numbers with serfage y> what is the average z -of the 

f combined llSrc "of rf + m numbers? ( Hint : Generalize the method of 
Exercise 8. ) . v , . • • * 



Answer : 



- _ nx * vmy 

n- + ,m 



10. 



What is z if m = n ? 

Show that if you have a set of., n numbers with average x, an^ add 
a number equal to x , , the n^w average remains unchanged. Use the 
.result of Exercise 9- 

. • - ' '■ ■ / 
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■(■■■■ 

..25-6. Equally Spaced Numbers ' 

» . * „ f ' ■ * 

* If the numbers to be averaged are e'qi^My 'sp^'feri jlien arranged in o^d^r 
of size, the averaging proce's-s becomes muchv.^r^ipiei^. \ ' Let*u:> see if we ca.n 
discover this simpler way af finding Wiewvf^'«.ge. . , 



. » * • Exercises' 2;>oa . " ' r- 

■ ' • N (Class Discussion) 

, * Suppose that we wishi to find the average or mean of ,',the numbers 

• 17, 21, 25,- 29-j -33, ■ 37 , hi.' m . . \\ /' • 

.' \ • 4 ■ • " . " • \ V 

1. •• ' What number, do you guess 'the Average to be? . * ■ -J 

2. " 'Subtract your guess from "each number in the list and average -the new 
• - list. •' * • • * ' 

3. .% If you guessed the ave rage .correctly what answer str^ild- you obtain- 

'for- the new average found in! Exercise 2? If you did not get t;his 
result, guess again. " . • • 

' • & - ' " * 

h. -Where is the' correct average located in the given list? 

* ' k 

■5/ • If the given numbers are marked on the number line, where, is the point 
x located?-. How can you find this point by using only - the positions- 
of the first and last point? 

6. _ ..Let f . be the first and '£ the. last -of -any set of numbers which are 

equally spaced when arranged in or* Lor. On the number^iajft^Jj^here is 
x located in relation to i\ and i 1 ^ * . 

7. How does tiie distance" between x' and £■ . compare with the distance 
between, f and 

8. Express X 'in terms of. f anil £ . ' / \ 




If all. went well you should have found that \ x ~ - — g — 30 that x 
may be obtained [without using any of the numbers betyeen the first - and the 
last . How can w$ be sure that this conclusion is correct? 

■ • v- • v 

•If we represent the equally spaced Mbers by beads, on the number line, 
it is clear th%t the beads balance about 'the midpoint of the interval 
[f 9 'M'\ £lach bead on the left^of .the midpoint is balanced by a bead at the 



atne distance op the ; right of the midpoint. ■ 



We conclude that 

. • 

x - f = 1 ■ x' 

Sjand therefore 



- _ f + I ■ % . ■. 

A • • x ~ 2 * * * ' 

"■• ' • • .. ' , 

• l We see that to average a set of equally spaced numbers it is sufficient 
* to average the first' and the last. 

A particular case of this short cut. concerns the average of the first . 
n positive integers 
' ♦ 1 



> . 2 > 3 ? .'.)[, -n , 



The result is simply ■ n ^ ^ . .We write ■■ ■ , 

■ -r n+1 i 4 
i - — 5 — .1 

- • * d ' . " 

(i stands for integer.). . 
• f • , ■ . 

. Exercises 2^ -6b 
1. Locate the following numbers ^Bn the number line 

-5', "2, 1, V 7, 10 « . . \ > 

(a) Find x by the straightforward-' method and by the short cut. 

(b) Show on the figure how the points balance in pairs about the 
point x. • * . 

(c) List the pairs of numbers which balance and show that their 
average is x in each case^. 

■ \ 

v £. Repeat Exercise 1, using the numbers , « 



\ ■ \ ' 7 , 12 , . 17 , 22 ; 27 , . 32 , 37 . 



If i takes 'on all values from 1 to n j find 2i + 1 in two . 
different. ways : . First, as a special case of' an equally spaced set 
of numbers; secondly, by using the value of i and the fact that 



21 '+ 1 = 2i + 1. 

h. Show- that if .i takes on all values from 0 to . n - 1, then 

— n - 1 ' ■ 

•5. . ,-Show tha,t any list of ' n equally spaced numbers' can be written 
f , f "+ d, f +■ 2d, .. . , f + id, ... , f +**<n - l)d, 

where d is the common difference and f +.(n - l)d is the last 

.■-.*' f + i 

number, and that their average is — g — . 



"1 



When'the famous mathematician Gauss (l777~l855) was only 10 years 
old, his arithmetic claJMSs set the problem of adding something like 
8l29, Blh9., 10109. ^hg re we're 100 equally spaced items.. 

The pupils 1 " slates were laid on the 'teacher's desk when they, were 
done. The teacher had barely finished stating the problem -when Gauss ' 
put his slate on the desk. When the others had finished at the end 
of the period, Gauss," who had simply written the answer, was. the only 
' one' who was correct: How did he get the answer so quickly? WHat-.was- 



his answer? 




25-7. On Averaging ' Squares 

Let us^urn to a somewhat more difficult problem. What is the Average 

of the first n squares \ . 

^ ■ 2 X 

■ " 1, h, 9, n, t. ■ ^ . 

' " 2 . ' ■ ■ 

• • ' •■ Could the answer be 1 * n ? Let us test this guess with n = 2 and 

n =~ 3 . The correct, averages are . ^ 

■\ 1 + h 5 " 1 + h -f 9 -lit ■ 

if ■ —5- =.i and — 3 = 3 • 

■ ■. ■ s . , • ' . • • 

With n = 2 ' • 

2 * p • ' 

'i_±JL-- = «i-± 7 ii = I ' 9 which is correct. 

However, with n = 3 

" 1 + n 2 _ U9 * = =' , ' 

... / ■ , . 2 2 \ J ■ 

**■'<•' 
gives an incorrect answer. . 

This result should not surprise us because the squares are not equally 
.spaced. The s^ort cut is based on the- idea that the numbers are equally.. 
. . spaced. ^ 

Can we find a correct formula for . 

2 

1- + k + 9 + . . . + n 9 t 

• n * ' . . 

We can at least write down the correct averages for the first few 
value's of n and hope to discover a pattern. + 

20 * 



•For mi = 1, the Average, is 1. For n . « 2 and .n-=.3, we have found 
the averages <| and ^ . For . n .= kj we have 1 - - ^ ^ - — = = -Tp ; 



and for n j= 5 j 



1 + lj. + 9 + 16 V25 



11, 



' ■ 5 ■ , \ " v, • ; 

Let us make a 'little table. In. the, first column % ,we give the value of n; •. 

in "WTe second, the average of the squares of the first n integers' which we* 
■ 

•• '2 

write i (where i goes from 1 to n ). \ _ 



n • 


.2 

l , 


1. 


■ i . 


2 


5 




'2 ■ 




1U 


3 . 


3 


4 




2 


5 - 


11 . 



The pattern is not- obvious. However^^et us write a third column which gives^ 

the averages of* the first n integers (without squaring), that is, 

- - 1 + 2 + . . . -Kn 
i = . - 



n . 


■ .2 

. l 


i 


1 


1 


1 


2 


1. 
#2 


. 2 


•3 


lh . 

3 


2 


k ■ 




■ 5 

2 


5 




3 



• 2 — 2 

.Which set of numbers increases most- rapidly ,■ i or. i? Clearly i mf We ' 

~2 ' — '•. * ■ 

can compare i with i by dividing. If we do this, and write the results 

in a fourth column, we .can make a nice discovery. - 



f . \ 

. Exer cises ■ ■ v " 1 " ■ 

* . ' : — « / ■ 

/ (Class Discussion)-, > 

3y'what should we replace 1 in the last column' to bring out the m 
./pattern? By what should ve replace- 3? ' 

What general rule includes all the items in the last column? That 
: is, how- can 'you express i / i in term»*ef n? _ 

Test your rule by finding i , i and i / i for n = jj. 

What is the general rule for i ?• ; ' 

Therefore, wjiat is the apparently correct rule for i ? Yqu should 

find ? ^ n + ^ 2n + i .) . . , .. , / ; 



Exercise's 2^-7b 



is i 2 =• (i) 2 ? 

Find in succession * 

l3. L 3 + 2 3 i-3 + 2 3 + 3 3 ; . L 3 + 2 '3 + 3 3 + '^3. 

■ ^3 + 2 3 + 3^ + + ^3 and discover a general rule for . 

Hint : Compare these sums with 1, 1 + 2 , 1 '+ 2 + -3 1+2 + 3+ 
1 + 2+ 3+ ^ + 5. 
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3. • In -the Class Discussion. you discovered the apparently correct rule for 
— - 2 2 • 2 _ 2 

, ■ ' T2 (n-+ l)(2n •+ l) 2n 2 + 3n j 1 

. (i) ■ x - - ■ — ~T = 

You jhave verified the correctness of this rule as far as n = 6. 
This does not prove that the rule is correct for larger values of n.. 
Prove that 'if the rule is -correct for any particular ? integer ' n, 
then it is correct for the next larger integer n + 1, 



2.-2'.- , 2, r 
2 ^ ~ -> 



Hints: »Given (l), vtiat-*s- ' 1 +2 + . + n 



Add (n + l) tC\this result*. _ 
Show that - , 

I 2 + 2 2 + ... + ;n 2 + /n Vl) 2 / (n + 2)(2n + 3) ' 

which means that Equation (l) is correct when jij is . replaced 

o 

by n 

\ • • — — — — 



25-8. Measured of Scatter 

TNo lists of numbers i*^have the same average but otherwise be very 
different. For example, 'suppose that bowling teams A, B and C. have the 
following sets of scores: <* 

A. V 135 , .UO, 130, .13^, 120 
- , ' 'B* . '.aio,-i2^, 130, 135, 150 ■ ' 

■ C. ■',110/ 125, '12?., 1^0, 150 ■ , 

Irv each ca^e, x / the average^ is 130.. . On the number line. we have the 
fpllowipg pictures :. • 



A 



■ . 120 A' 135 7 

130 - 

Tio - ^5 r " "135 ~ 150" 

■ 130 • 



ifo 125 ■ A . . lib • ' • 150 

13« 
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•It is clear that these pictures differ in the extent to which the points are 
spread out. In- A. the points are least spread out or scattered. In * C the 

.points are most spread out. It is useful to have a measure of the amount ^ of 
this spread or scatter , as it is called. We may also think of this as a measure 
of , the degree of consistency of the scores. 

There are several ways to measure scatter. The crudest measure is the 
• range * This is the distance between the most widely separated points. In the 
examples, the ranges are: 

15 ' • " 



ho 




oth B and C have the same range. However,, the scatter for C. is greater 
than that for B. As a measure of scatter the range has the disadvantage ■ 
that it depends on only two of the numbers . * . 

' ■ \ 

If we subtract^the mean value or average, 130, from each of the lists, 
we have the new lists : 

. A. 5, 0, 0, 5, -10 ' 
. B. -20, -5, 0, 5, 20 ' . ' 

C. ' -20, -5, -5, 10, 20 

These numbers are called i*he deviations from the mean for A, B and C # 
The better measures of scatter use all of the 'deviations . If .we average the 
deviations we shall of course get 0.. For example, in A 

5 + 0 +'Q -h 5 + (-10) _ 0 _ ' 

This erage is therefore no measure of . scatter. If, however, we average the 
. absolute values of the -deviations we do get a; measure of. scatter. We shall 
call the absolute value of-% deviation its distance , since geometrically it > 
represents the distance on the number linebetween a given point and the 
point x. We .shall use d to represent the .average distance. The results 
for our examples are: , _ - 

distances (d) . . av. dist.' (d) 

: A, 5,0, 0,. 5, 10. ' ■ ,h 

B. 20, 5, 0, 5, 20 10 
,C. -20, 5,. 5, 10/ 20 ' 12. .. 



2h ■ 
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As you see, the values of 'd allow us to arrange, our examples in what seems 
to be the right order of scatter. 

Statisticians use. a. third measure of scatter called the standard 
deviation (s). This. measure is formed as follows. The squares of the 
deviations (or,wJiat is the same, the squares ^of^ the distances) are -averaged. 
Then the square root of this average is taken to bring us back to a number 
comparable to the distances. For our examples we have 



Distances squared (d ) d 

A. 25,. 0, 0, 25, 100 30" 

B. MX), 25,. 0, 2>, 1+00 ' 170 

c! hoo, 25^ 25, 100, koq 1 190 



s =7? 

13-0^ 
13.8 



, 120 



130 



135- 



7 B 



110- 



125 



2s- 



130 



135 



150 



X 



2s 



110 



125 



130 



iho 



150 



In each figure we have marked an interval of length 2s centered at 
x = 130. -The .size of this^interval gives some picture of the amount of 
'scatter . . * ' . 

Why do 'statisticians prefer s to/d as' a- measure, of scatter? Eor v 
one .thing, because squares are easier to work with than absolute values. ' We 
also. point out that the standard deviation s emphasizes large distances- 
mo re strongly than the average distance d does. That is, the squares of 

the larger values of d have more effect than the squares of the smaller 

<«•■ 

ones . 
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We can illustrate this remark by considering a list of 99 0*s- and 
<ne 100. x = 1. The average distance \ 

99 ' ■ 



The square ; of the standard deviation 

99 



2 1 + i + ... + i + 9801 

100 ' ~ ^ ' 

so s « 10. - As you see, s is about five times as large as d, so that the. 
larger number 100 produces: a greater effect, on s than on d. 

' .■ Exercises 2^-8 ^ y ■ 

1. Given the numbers 
. • -V 0, 0, ■ 5- 

Find x> and s. % 

2. J Find d and s for ■ 

• (a) -1+0, -10/ 0, .0, 50. . * 

• (b) -8, -2, 0,' 0, 10 t ■ ' ■ 
Compare your results with those in Exercise 1. 

3- Given any list of numbers 

x 3 , x 2 x n with x = 0, 

and standard deviation s, find the standard deviation for.' 

ax 2 > • • • > ax n 

where a is any positive number. Check your result by referring to 
Exercise 2. 

.• h. What are d and ' s for . - 

. k, 1, 0,. 0, -5 . 

... -i 

and 

8, 2,. 0, ' 0, -10? 

Cdmpare with Exercise 1. 

5. -In Exercise 3 we "took a to be positive. What are d and, s if . 
is negative?. Test your conclusion from Exercise k. 
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6. Find the) average or mean of - 

J -U, -0, "2, 5, 7. s 

List the distances .d of these ".points from the mean. Compare^ 
and s . . ' ' ' • & 

.... • ( ' X 

2 

25-9* Computing s 

. The jiumbers^ that can appear on the upper face of a die are 

1,2, J, V 5, - 6. . : 

Their mean m = 3.5-. What i^3 the standard deviation s?> If ve. 
subtract 3.5 from each of our numbers ve have the deviations 

. ■'• -2.5, -1.5, -.5, -5;, 1.5, '^-5-. 

The distances d ,from the mean are of course al'l positive ■ Vl ' 

2.5, 1.5, -5,- .5, 1-5, 2.5. 

To find s, ve square the deviations or the distances , average these, squares 
and take the square root. The values of d 2 are i 

. 6.25, 2.25, .25, .25, 2.25, 6.25 

; vhose average is s 2 = 17 ^° = 2 i| - 2.92. Hence s s 1/2.92 - 1.70. 

If the mean m of a List of. numbers is not an integer, .the calculation 

2 ' 
of ,s *may involve a considerable amount 'of arithmetic. As. ve know, 



2 / . ■ 1 x2 
3 = (x - m) 



2 

where m is the mean. It often saves time to calculate-, (x - a) .' where 
a is an integer close to the mean. What is the connection between 



(x - a) 2 and' (x - m) 2 ? 



Since (x - a) 2 = x 2 -«2ax + a 2 ,- (x - a) 2 = x 2 2ax + a 2 . 
If we replace x -by. m ,. ve have.- . 



(1) . 


(x - 


a) 2 


2 . ' 2 
= X - • 2am, + a 


K 


This .result is 


true 


for 


any number a-. 


In particular, if a = m, 


the ^equation becomes 


(x - 




= x - 2m + m 




or, . 










(2) 


(x.- 




~2 . 2 
= x - m . 












Si . 



If we subtract (2) fjpdm (l), we obtain 



2 2 2 2 ^ 

(x - a) - (x - m) = m - 2ma + a = (m - a) . 

> . A 



This means . that 



( 3 ) .' (x : mf = (x - a) d - (m - a] f. 



That, is, if ve have calculated (x - a) , we. merely subtract (m - a) from 



2 2 

the result to obtain the desired (x - m) = s . 

Let us see how this works in practice. 

2 * • » 
Example I. To find s for - ■ .1 

1 2 3 h 5 6 . ' • 

j-j ^j J ? ^? - / j • 

a ' ' 

n. 2 11 

We have. already found s = 2 — by averaging the squares of the 
deviations from the' mean, m = 3 \ • ' . 

Let us obtain this -(result by applying 



(3) V ' s 2 = (x t a) 2 - (m - a) 2 with a^ = 3 



so that s = (x - 3) " Sjffe 3) . 



o 

r ' ^ 2 - I M 2 - r^ 2 - i 

[m - 3) ■ s 13 2 ~ ^2' " 1| v 4 

. Therefore 

2 .11 nil • 
* = 3 X = 2 12 • 

Example 2. To find . s for the following 2^ numbers: 

16, 18; 19, 19, 20, 20, 22, 22, 22, 23, 2k, 25, 
25, 25, 26/27, 28, 30, 30, 31, 32, '3^, 37, 38. 

The value of m is 25 ^ . Let us replace this by a = 25 . The 
differences, x - 25, are the following: 

■ -9, -7,. -6, -6, -5, -5, -3,. -3, "3, -2*, -1, 0, 
0, 0, l, 2, 3, 5, 5y 6, .7, 9, 12, 13. 



It is easy to find (x - .25) , the average of the squares <3J#'these numbers. 



it.i..;S-3*S 



28 ■ - 

32 



Since m - 25 = 2 5 ^ " 2 5 = ^ ■ > ve. have ^ 



s^= (x - 25)? - (m- 2 5 ) ? = 3^ S - (M) 2 



2U . K 2k J 

Hence ;s 2 * 3^ - ^ -.3^ - 3^ \, . ' _ _ . • 

From this we can find s ~ 5-85* 

'■■ Exercises 25-9 

2 

1. Find s for 21, 25, 20, "30, 2*4- directly, that is,, by averaging 
the squares of the deviations from the mean. Plot the numbers on the 
number line and show an interval [m - s, m + s] : of length 2s and 
center at ,m. What fraction of the points lie within. this interval? . 

2 

2. Find-, s for 6, 8, 11, .12 in two ways : 

(a) by averaging, the squares of the deviations from the mean. 

(b) by replacing the mean by the approximation a = 9 'and applying 
equation (3)- 

• Compare the amount of arithmetic required in (a) and -(b). Plot the 

numbers on the number line and show the interval • [m - s, m + s] . ■ 

« c 

3. In Exercise 2, you found " m ~ and s2 ~ 5-69- Use these results 

o 

to find m and s for 2k , 32 , kk • K8 . If necessary refer back 
to Exercises 25-8, Problem 3- 

2 

k. Given ^.28, .32, -..35, .31. Find m and' s using, any short cuts 

that you can. . 

2 • >> 

5. Given 1 ,' 2 ■ 7, 11. Find m and s directly and by using v 



.equation (3) w\th a suitable number a. 



13 

•6. In Example 2 in the text, show as simply as possible that .m = 25 tjj' . 

'2 

Verify in detail the computations for s . 
■ '. . * " ' ^ 

7. Draw a dot frequency diagram Trom Example 2 the text and mark the 

interval [m - s, m + s] ... ■ What percent of the points lie within this 
interval? ""^ •. •' 

8. List the ages of each of the members of your Class in years at the last 
birthday. Find the mean m ar*l the standard deviation s. Make a 

"dot- frequency diagram and show the interval from , m - s to m + s. • 



29 



33 



10. 



List the* .weights in pounds of, the members of your class and find m 
and s. Make a dot frequency diagram and show the interval 
[i - sV m +. s] .. Comment on. the. difference between the results here 
and in Exercise 8* 

Find m and s 2 for 1, 2, 3> H • Locate the points onthe 

number line and show the Interval [m - s, m + s] . What fraction of 
the points lie in this interval? . i . 

- n ± \J 



Hint : Remember' that for 1 ( , 2 3, . . . , n, 



m = l = 



and 



i 2 = ( n + " 1 ^ 2n , and use, equation (2) in this section. 



25-10. What Does the Standard - Deviation Tell Us? 

In the Exercise^ !yi Section 25-9, you have /Located.' the mean m on 

the number line' and shown an interval which extends a standard deviation on 

pl- 
each side' of it. In some car.es you were 'asked to find the fraction or percent 

of the. points that lie inside this interval. Let. us study a few more examples/ 

to see whether we. can draw a general conclusion.. . . 



Example 1. Consider the list of numbers 
2 



-1/ / 0, 0, 1 v;hose mean is 



m • = 0. 



Here 



1 + 0 + 0 + 1 = i = .5 and s Z .7 , On the number line 



we' have the following picture 
on which we have ■marked the 
interval '[m s, m + s]-*= [-c 



>] 



0 . 



One half of the points lie in this " S . ' S 

interval. All four points lie in the interval [-2s, 2s] which is 
approximately. [-l.^lA]-. 1 / ^ 



-1 



0 



-2s 



2s 



Example 2. For the numbers 0,1, 1, ,1,-2, 2,. 2, 3 the mean m = 1.5 

^3 1.73 

and the standard deviation s = — g ~ — - 



i7 , as you should verify. A dot 



j0 



34 



frequency diagram- shows the location o.f the numbers on the numbed line. 
m-2s " m-s • m ' • m+s m+2s 




m-s 
i — 



0 l 2 3 . * 

> ■ »■ ■ 

/e marked the intervals Tm - g, m + s] and [in - 2s, m + 2s] . As 
see, ,6 of 'the points are closer to m than 1 standard deviation ^ 
and ali of them are within 2s of %b .m. That is, 75 percent are within the 
distance s and 100 percent are -within the distance/ 2s of m. 

The numbers - that we have. chosen can be imagined as winnings in a game 
in which 3 coins are tossed with- \\ for a head H and 0' for a tail T. 
Tfte possible outcomes are . „ 





H ^-Hr* 


~3~ 


V 


H-H 


T 


2 




:H T 


H 


2 




. . / H T 


T 


1 




. T H 


H 


2 




T H 


T 


1 




T T 


H 


1 




T- T 


T 


0 



The second'- column shows the amount won for each of these outcomes. 
The different outcomes are equally likely if the coins and the method of 
tossing are honest. Therefore -we expect that the average winning per^throw 
is' the mean (1.5) °f the numbers • 



• ■ m 3 , 

Also as we have found, 75 percent of 
2 cents. 



. 2 , 1, i> o- 

time we expect ( to win either 1 or 
1 

- j ( 

ith the ^lumbers -2 , -2, .-2, 0> 

_ >T 2 - _ 

ar 




Exftmple 3« We get a different picture Vrfith the ^umbers 

\^ >^ 2 ■ ^ 

2 , 2 ; 2 . -You should verity that m =Tand s " ^ 7 
fore s ~ 'I.85. The figure is a dot frequency diagram which shows the 
intervals [-s,s ] and [-2s, 2s J. ' 



-3 



3t 

-s 



0 



-2s 



J* 
2s 



;1 . 



35 



1 

/ 



Only y of the* points ar.e within s. of the mean. All of them are 
-within 2s /%% the mean. ^ • 

Mos/f collections of numbers met in practice are-more like Examples 1 
and 2 tha* like Example 3. In what is called a normal distribution , about 
68 per ^nt of the numbers ar e wfthin the interval [m - s, m *+ s] and about 
$k pteffcent within the interval . [m - 2s, m + 2s]. 

In the next section we shall learn about an important statement which 
is/true for every set of numbers.. ,It concerns the number of points which lie 

tthin ' 2s of the mean. In the following Exercises, we shall see^ what we' can 
fdis cover foT ourselves. ■ 



1. 
2. 

3- 
h. 

5- 
6. 

7- - 



. ' Exercises 25~10 

For each of the following sets of .numbers 
t 

(a) find m and s ; ^ * 

(b) show the numbers .on the number line; 

(c) mark the intervals [m - s, m + s] and [m - 2s, m + 2s] ; 

(d) find' the percent of points inside each interval. 
1, 2 , 2, 2 ,.. 3 



0, 1, 1, 1, • 1, 

-2, -1, Q, 1, 2 

-2, -2,. -2, 2, 2, 2 

-3, -6,. o, o, o, 3 

-i- 0. 0. 0, 0 ■ 0, 



2-2 2 



2, 2j, 3, 3, 3, 3, 



0, 1 



Is impossible to have no points inside the interval [m - s, m + s] ? 
Is it possible to have all points inside this, interval? Justify your 



answers. . 



\f all points are at the same distance -(d)- from the 



What is s 
meSnT>^ 

Is' it possible that no points are within the interval [m - 2s, m + 2s 
Can' all points be within this . interval? 

Suppose that m = 0 - and s « 1. Is if possible that no more than 
,tialf..of^he points, lie in the interval [-2,2 1 ? • If it helps to get 
started, . begin with . 8 ^points. v 

36 

32 1 ■ 



11. How large a fraction of a set of points must lie within 
[m - 2s x m + 2s], do* you guess? 

12. Find 'a pencil that 'has six sides and mark it with. dots as follows: 




one .dot on the first side, two dots on the second side, three dots on 
• . the third side,, four dots on the fourth side, etc. . 

(a) Roll the pencil twenty times,. Record. the number of dots that 
come up on the top side of the pencil for each roll. 

(b) Draw a dot frequency diagram of the data collected. 

■ (c) Compute the mean and the standard deviation, using the method c 
of this section. * 

(d) Show the mean anci the 2s interval about the mean on, the dot 
frequency diagram. 

13- Each student should open his textbook, (any textbook), to a randomly 

^* selected page. .Count, the number of times the letter "eV occurs in 
the first complete sentence on the page. Continue to open the book • 
and count until twenty numbers are recorded. 

(a) Tally the frequencies for the data collected above, 

(-b)^ Draw a dot frequency diagram of the data collected. . 

' .(c) Compute the mean and the standard deviation, using the method of 
. this section. • 

j ' ; (d) Show the mean and the 2s interval about the mean on the dot 

frequency diagram. . v . ~" ~*~ 

Ik* Repeat the experiment described in. Exercise 13 for the letter, "a". 

(a) How frequently did "a" occur exactly four times in a sentence? 
■What was^ the relative frequency for "a" for a count* of four? 
How^does this compare, with the relative frequency for the letter 
"e". for a count of four? 

(b) What would you say is the most likely number df times the letter 
"e" would 0|cur in a randomly selected English sentence? ; 
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• (c) What would you say is the most likely number of times the letter 
"a" would Aecur in a randomly selected English sentence? 

(d) # Do you' suppose that .the relative frequencies are different for 



the letters /\ M 
language? J 



and 



in a book written Ln a foreign 




25-II. An Important Result ' 

We found that it is possible to have' no points inside the ^interval 
[m - s, m + s]. This comes about if half of the. points are at m - s and 
half at ;'m + s . ■. l - 

•Js it possible to have no' points within Ciq^-' 2s, "in + 2s] ? Suppose 
-that this were possible. ' Then for each- of the n points the distance from . 

m-' would be at least 2s. That is, the square of each distance would be at 

• 2 
least 4s 2 . The average square of the distance would then be d 

/ . 7 > ks 2 , ' i 



But" 



•s 2 and we are led to the impossible' conclusion that 

2 '1 2 



. * 1 > hi 

There must therefore £e at least one point v/ithin the double interval. . 

How--many of the ' n points can fail 'to be inside the interval 
[m - 2s, m»+ 2s] ? Let k be the unknown answer to ^this question. As in 
the argument just given, each of the- k points would have a value of 
d > 2s and therefore a value of d 2 > hs 2 . The sum of the squares for the 
k points therefore > 4ks The sums -of "the- squares of all the n distances 
can be no less. ' Therefore- the average for all the points 



(1) 



Since 



2.. kUs g 
5 - n\. 
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Therefore " 

. !>m • - '• 

— k n ^ 

9 , 

and so . 

w .. ' • • 

The. conclusion is. that no more than" a quarter of the points can be at 
a distance from the mean of 2s or more. . 

• k 1 

*Is it .possible for — to be exactly equal to If, you look at.* 

problem 6 of Exercises . 25-9 you will see .that the answer is "yes". In this 
problem 2s = 1 and- 6. of the .8 points -are at 0 (inside the interval 

[~\> l] ) 7 and 2 points are at the- distance 2s = 1 from the mean,, 
m = 0. . 

■ ■ k 1 

- " • If we examine the work above with the cage — = -r — 

• . . n . h 

that in this case sentence (l) becomes 

■s ^ ' 2 X " 

d > S ; 

Since d = s , it is impossible for- d to be > 2s for any point. .We 

must therefore have' all k points' at the distanc^ 2s. Moreover the 

remaining n - k points must be at' 0. So the -equality in (2) occurs only 

V ! -3' 
in very rare circumstances. In any event, as we see, at least of the 

points must lie in the' interval [m - 2s, m + 2s], . . 

■ , This important theorem was discovered and proved by the Russian 
mathematician Chebychev (1821^189^). (The v is pronounced like f . ) We 
shall soon see. how important this theorem is. 

Exercises 25-11 

1. Test Chebychev*s Theorem in Exercises 25-IO, problems 12, 13, and ik. 

2. -In the argument given in the* text, replace -2s by. 3s and conclude 
that at most ^ of the points lie at a distance . from the mean* of 

3s or more. 

3. . In the argument- given in tn*e""text, replace 2s by hs and conclude 

that at most /of the points' lie at a distance from the mean of 
ks • or more. 

k. From Exercise 3, prove that- if you have ' 15 -points, none of them can 
be as far as he away from the mean. ' . 



39 



5. Generalize the previous three exercises to show that at most the 

- fraction • — . of a set of points are at the distance ' ps or more ■ / 

■ from the mean. : • . . /.. 

6. ■ From Exercise 5 show that given n points w£p mean m and standard 

deviation-* s , at least * , „ 

; ■ -U -\) n 

P • ' 

points lie in the interval [m -. ps, m'«Kips] 



25-12. Using Statistics . ' . > J 

Specialists on deciphering codes ( cryptanalysts) .have worked out -tables 
to tell '.how often various letters of the alphabet occur in written English. ■ 
The following table gives the percent for the different letters.. ' . ' ^ 



Letter . 


Percent 


Letter 


■ Percent 


•ifetter 


Percent 




■ 12.31 


L - - 


^.03 


B • ' • 


.1.62 




. ■ 9.59 


.D . 


3.65 


■ G 


\ _ i-.6i . 


' A 


. 8.05 


C 


3.20' 


' . V . * 




0 




. U 


. • 3.10 ■ 


K > 


' -5?' * 

<* ■ ■ 

- .20 


N 


7*19 


- P . 


2.29 




I 


7'.ia ■ 


F 


2.28 




.20 


s- ■ 


6,59' "■ 


M . 


: 2.25 


J 


.10" 


'R 


6.03 


W. 


2.03 


* , > ; ' 


V -09- 


H - ' 


■ 5-1^ 


Y 


1.88 







•; How pould such a table "possibly be constructed?- ■Surely, no one has counted 
all the letters in all the books in the world written in. English and deter- 
mined what percent of these letters are. B! . Even if this were possible, . • 
• what would this say about a. page- of English that you might write* this . 
evening? ' . • . 

" Actually, of course, letter counts have been made for many samples Of 
text. It is assumed that^the results found for these samples, are a reliable 
• guide in estimating the occurrence of letters in a new sample of English of 
substantial size. . Suppose that you had |o decode the following message:. 

SZEV BEF VEVl'"' DLIPW'.EKG' Z XEWV YVULIV . ' 

V ' ' '• v > 40 ■ ' ■ ■ 



It is understood, of - course, that the letters-' here correspond one-to-one to 
.letters in the decoded message. We have made things easy for ypu by separating 
the message into words.. If you count the number of times the various letters 
occur among these 30 letters you will get the following results: 



B 


1 


' K 


1 


C . 


1. 


X 


5 


D 


1 


" T 


1 


E 


2 ■■' 


. . U . 


1 


F 


2 


V 


7 


G 


i 


w 

* 


2 


I 


3 ■ . 


z 


2 



Therefore, the best guess ' is • that ■ V. = E. With .this possibility ■ in mind 
look at the word ; 

* VEVT o E _ E _ ' 

' i 
The letter E. occurs twice in the coded, message and I occurs three times. 

How about EVER or EVEN as a replacement for. VEVI? 
■ Now loolf at the last word. 

1\T 

■E 



YVULIV = E ^ 



The letter L occurs 5 times t in the coded message. The most likely 
possibilities are T, A, or 0. " Hence we have 



T 

YVULIV = _ E _ A 
0 



E 



TNE looks impossible and TRE ^unlikely. . Y and U occur only once. They 

probably represent consonants?. How about' BEFORE as a' guess? We observe 

also that Z must' be A .pr I since these are the only uor&s with a single 

* * 

letter.. " , . 

* ■ js i * :- • * .'. * 

•We shall 'leave the rest of the deciphering to you., When' you have 
worked out the message you will find that the frequency of occurrence, of *the T 
letters (after decoding) corresponds only roughly to the percents listed in 
the /table \ 'is this surprising? What is the explanaffo'n? Clearly the sample 
was not large enough. , . 



Exercises 25~l£a 

. ■ (Class Activity) 
* ■ ■ 

Each .student should take a different page of a novel or magazine 
article and count the E f s among the 'first' 1,000 letters on the page. 
Keep a record of the count for feach. student. 



Exercises 2^- 12b 



1. '- " Using the . results for all the students in the class, , what" is" the total 
■ -numberVf letters counted and, the total number .of E f s?* Find the 
■ percent of E's and compare this ^ith 12.31, as given in -the table. 
-2.'. - Find the average- numoer of E l s. . per hundred letters b? averaging the 
• percents found by each of the; students . Does this result agree with 
that in Exercise' 1? - ^ — 
•3.. Take the set of percents found by the different students as a set of 

numbers. Find the standard- deviation of this set of numbers.; If the ^ 
' mean found in Exercise 2 is not a very- simple .number you should use 
" the short-cut of Section -25-9 to carry out the computation, 
i;.. " ReacKthe following message written in code,: 

y - • ■ VHH LI BRX ' FDQ /JXHW \^KLV« 4 PHWDJH 



? J 




25-13. V Oh the . Behavior of Samples ' 

In using statistics, it is important, to know 1 what can -be concluded 
from" a sample of a' given population. If »e\ choose 100 numbers at .random • 
froiTa population of \jp,000. numbers, vhaf does the sample tell us about the 
population? In- particular, how c^se, is the average of the 100 numbers " in 
the sample to the average of the » 10,000 numbers in the population? • 

To help us to answer such questions, let us start with a population 

. that we" know all about and investigate Bangles of different sizes, "which cfi 
be' selected from it. - To keep' the.-ari^hmetic^imple we -shall take. small 
populations. 



Consider the population that consists -"'of the following 6 "numbers, 
which we have shown * on the number line: 0, \5* 8, 9, 10. 



m+B 



-•-A- 



10 



k 5 . 6 .. 7 " ■ 8 • 9 
Figure 8 . 

The mean m = 6 and the square of the standard /deviation is £ 
that s ~ 3-27. : The interval [m - s, m + s] is shown in Figure 8." 

"From- this given population, let us take all possible samples of size 
two and average the two numbers in each* sample.' For example, if we select 
the pair .(J»,9> ve obtain the average ^. = .6.5. There are 15- differe 
pairs which can be ""Selected and therefore there are l^averages. In 
Figure 9 we show these fifteen averages in a dot frequency diagram. 



"32 
'3 



m 27 S 2 



— m~ 



o 



i # # 
• • • 



V S 2 



'1 ' 



10 



* ■ ' * Figure 9 

Let us call ' ^ the mean of the averages of the .fifteen samples of size 
two . 'You will find that ti^ = 6/ the same as" the population mean m. . ■ 
That is, m 2 " % = m = 6. - We shall write the value of r/~ for the 1^ sample 

means, (s 2 ) 2 ~ sj .77* It turns out to be 5 i so that s g s-2.25.. The 
interval [tr^. - s n , tt^ '+ s 0 ] is shown on the figure. The points are somewhat 
less scattered than for the population. We see this by inspecting the figure 
'and also by/ noting that s Q < s . - - 

f$et us. move on to samples of size 3 , of which there are . 20, and^ 
take "me mean of the numbers in each' sample. - m For example, the .mean of the . 

We show all of these means on the d6t 



sample (^,'5, 10 ) is = 6 ~k 
frequency diagram (Figure- 10). 



0 



m , 
6 



m +s-„ 



-7- 



10 



Figure 10 
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We shall call the average of these 20 Jga ns > m ^ • You wil1 find "that ^ 

is the same as the population average J5Nc and that for these points the 

n" '27 
square of the' standard deviation is = ^ so that s^ « 1.53* Once again 

the interval [m^ - s^, m^ + s^] is shown on i^he number line. Notice that ■ 

s 3 < s 2 • • . •' ." ' 

When ve find the mean of the numbers' in a sample ve replace these 
numbers by a single number at the center of the sample, ... ) 

These center points form a tighter, pattern than the set of .points for 
the original population,. 

We could go on to find the average and standard deviation of all 
,! sample means" of size 5, However, ve shall be content to. use the range 
which is a cruder measure^of scatter than the standard deviation, 7 , 

* For samples of size \, the least, sample mean' will come from the four 

left-most points - 0, ' k, 5, 8, This mean is ^ = h ^ The^greatest 
sample mean of size K is the mean of '5, '8, 9, . 10, the k. right-most 
points. This "mean is ^jp = 8. The range of. the .sample means ois therefore 
8 - h -| = 3 ^ , as shown in Figure 11, The range, of -course, is much easier 
to compute than . s^. • 



, - 0 l 2 3 h 5 - 6 . 7 • '8. r 9 : 10 . 

, Figure 11 , ; ^ 

It. can be £r£>ve4 that is less than one, half, of this range. Then 

% < 1 i • •' : ' : 

^ For samples of size 5, the range of the sample means is only 

^6 " 26 _ 10 _ ' ■ 

.... 5 ~ 5 5 V 

so that - s^ <! 1 , * . * 

'5 • . • 

These examples, suggest two general .conclusions about the mean values 
of all samples of a given size taken from a^populat ion: 

(a) The .average of all the sample means i55^qual to the population 



X 



(b) The' standard deviation of the set 'of all sample means is less 
' than the standard deviation of the population. The greater the • 
• size of the sample, the smaller this standard deviation is. 

•Exercises 25-13 will bear out. these conclusions. To prove that these . 
% twq statements ' are always true is really, a matter of careful bookkeeping. 

'This- bookkeeping becomes rather complicated, particularly if the / . 
population is large so that there are many, many samples of a' given size. ™ 
Fortunately, statisticians have invented clever ways of doing the bookkeeping. 

A ver^/rerl&rkable fact, is that , if the population . (n) is large *■ 
compared with the sample size (n) the value of s^ for the sample means 

i 2 

is almost exactly — times the value of "s '- for the population. 

n . 

/ \ 212 
(l) • s » - s • 

v ' . n n * 



■ To be exact 
* ~\ -21 / N - n N 2 



For example, if n = 10 and N = 1000, 



• ■ 2 _ 1_ ,220) 2 ^ 11_ 2 ■ 

■ 10 10 v 999; in 

' 12 

wnich is practically equal to. — s - % 

2 12 

In any case ve see that s n ^ n s * 

• < \ 

Exercises . , 25-13 i 

1. " In the example given in the text, verify the values quoted for 
2 2' y 

^sg> Show that in the example given in the text the -range of the sample 

— \ means, of size 5 is equal to 2, as stated. 

■ 3. Given the 15 numbers 0, 1, 2, 2, -3, 3, 3, ^9 h > h > 5 , .5 , 

" 6, ' 6, 1; ^ . 

(a) Show these numbers on the number line. 

(b) Find the mean m and mark it on the. number line. 
', (c) What is the range? 

(d) What is the range of the means of all samples of size 2? .of 
size .hi of size 8? of size 12? • '• 

(e) Show the different range intervals on the number line. 



1)1 



45 



In E5cercise 3, replace the given list by the following: 
0, h 9 .5, 5, 6, 6, 6, 6, 6-, 6, 6,. 7, 7, 



8, 12 



5. If ve consider all samples/ of size 100 taken 'from a population pf 

2 • 



.size 10,00.0,- what does equation (2) give for ' s. 



9 

100 ' 



25-lK. - Estimating the Population Mean «. 

In the previous section ve began with a population and considered a 
number of samples chosen from it. Each of these samp!(esi^Qjitained' the same 
number of items n . 

We stated two facts : 

. (a) ipie average of the sample means is the sapie as the 
population mean . m . . 



(b)' the standard deviation ( s n ) °^ 



size n is smaller th 
of. the population. 



Moreover 



(1) 




sample means of 
e. standard deviation .(s). 



The result «(l) is. extremely important 

2 ' 

Note that — does not depend upon the) size 



in: the study of statistics, 
of the population from.vhich 



samples are chosen. It depends only ol 



, the size of the sample . 
To see 'how -we can use these results, let us suppose that we toss a 



coin 10,000 times and count the number of heads. In an actual experiment 
there were 5K heads in the first 100 tosses and ^979 heads in the 
10,000 tosses. We show these results in a little table." 



A 
P 



- Numbe r of Tosses 
100 • 
10,000 



Number of Heads 
h,979 



> We may think of A as a sample of size 100 from a population P 
10,000. Let us assign'the number 1 to each head and 0 to each tail in 
the population P. We now work out the population mean m and standard 
deviation s . . 



h2 



4 6 



With lj.979' "heads (&s) and 5021 tails "(0*s) the mean is 
\ ■ ■ '■ ■ 50S1 X0_t km XI = 1,070. 



5021 



m=. 1+979 



1+979 



0 • ■ ■ .5 ' 1 " 

- " ■ • ■ Figure 12 

' " ? ■ .» )\ ; ■ - . 

To compute s- we 'replace the mean .1+979 by the approximation 



'.§' = I . Then 



s 2 =■ (x - i) 2: - (.5 - ^979) 2 * 



But 



Hence 



(5021 + (1+979 x|) 10,000 ^ . 



10,000 
/s 2 =| - ( .0021) 2 



10, 000 



Since (.002l) 2 = .000001+1+1 is negligibly small, s is almost exactly ^ 



Now let s ^ be the standard deviation of all sample means of size 

100 . . . ■ T 

100 chosen from the population P. ; ■ -V * 

According to (l), 5 



1 2 



so that 



100 ■ 100 



1 

1+00 



- ,05 



100 2.0 

In Figure 13 we show the intervals [m 
U -2s l00 , m + 2s 100 ]. . 



3 100^ Ml 




m-2s 



100 



3 100' 



m+s ioo ^ 2 ^ ; i^:^ 



A5 



•5 ■.. 
Figure 13 



.55 



- ..Where is the sample mean" of A located in Figure 13? Since this mean 

1q ^6x0 V ^>h X 1 _^ have the point shown by the arrow, at A.. 
ls • 100 • ■ . • 

In the experiment reporfed^we now list the number of heads, not 
merely for the first, set A of 100 tosses but also for the. second, third, 
fourth'and fifth sets of 100 tosses. The results are given in the table.. 

dumber of Heads Sample Means , 



B 



h6 M 



C ^ 53 .53 i . 

• . . D V ' ,55 • .-55 I ^ 

In- Figure ik, • these 'five sample, means are marked on the number line by 
the letters A, . B, C , D , and E ■ # : % '. 

■B,E . CAD' 

■ •■■ - L : nr 



' .1+ ■ .U5 .5 .-55 .6. - 

Figure Ih 

Exercises 25"l*+a . 
(Class Exercise)" 

*%:.A bucket contains 5,000 marbles, some .black and some white. 



The 



.... - - : C , J9.-'. 

number/ of blaci^Tn^ .. 'L: 

' ligach student shall 'M^y^W? : sample of size 20 and compute the sample 



. mean*, : B^ 1 • and white marbl ^ s the number 

0 . These results sjiouldftbe.. xnar^^^^;^fe > number line. 

-. y^-ithe ,bas is ' of^^-i^^f^^v^^^o^ student should guess the 
populafeon^mfen. The tea^r^^%^5^|# true value "of the population 
•me^n^K^ deviation qf the population 

and the standard: deviation ^^^^^f^xtieans and marks tne intervals 
: [m - s 20 , m.+ : s^'£tA :,,; 'fm|jy^||^^+ 2s 2Q ] on the. number line. 



The situation that ve encounter in practice. very different from 
•that of the. previous section.. There ve knew the mean and the standard devia- 
tion of the population. In practice we have a sample chosen from the popula- 
tion. We wish to use this sample to obtain information about the entire 
population. Usually what ve want is the population mean. Of course ve have 
the. sample mean, Hov close is this sample mean to tfce required population 
mean? <ft 

' This question can be ansvered only vith a certain probability. This i 

vhere Chebychev's Theorem comes to our' aid. You vill remember that this 

theorem says that at least -jj of a set - of ; numbers lies vithin 2 standard 

deviations of the mean. -If ve apply this result to the set of sample -means 
\ ■ '3 , 

of size n, ve knov that at least' -jj . of the sample means are betveen 1 

m_-.2s and m + - 2s n « Therefore ve are 75 percent certain that a given 

sample 'mean is vithin this- interval. 

More generally, Chebychev's Theorem says that' not more than the ■ 
fraction -~ of the numbers lie more than p^ standard deviations avay from 

' L P ; ' 

the mean, Su££pjse* that ve guess that the population mean for a million coin 

l V' v ' ■T-ty* • ■ " 

fosses is — ."^Suppose", hovever, that ve toss the coin 10,000 times and 

get 6000 heads. Then this sample mean is .60. . What can we conclude? 

Is our guess jab out the population incorrect? 

If the population mean is 
means fdr samples of 10,000 "is 



If the population mean is ^ the standard deviation of all sample 



x o - mn * o ~ onn ~ • uu ^ • 



10 ' 000 " ^aooo 2 100 2 ~ 200 

The interval [m - s l0 ^000> . m + s io 000^ iS £ -J;95 > -5051. Nov .60 is 
far outside this interval. .In fact it is 20 . standard deviations avay from 
the mean (^) . The chance that the mean of a sample of this size taken at 

random shall have a deviatfon as large as this cannoti exceed — ^ = -r^— . 

' . ; 20 

With an honest coin and honest- tosses there is only a y • of. 1 percent 

chance, that this vould happenr^ " We can almost certainly reject the idea that 
1 

■m = 2 • 

1 Suppose that in a sample of 10,000 tosses we got 5200 heads. The 
sample mean .52 would be ^ s -j_q qqq avay from the assumed mean ^ . The 



probability that this can occur if m =j | ' is only — = "jg • You would be ■ 
in. some doubt and might. well decide to take; a larger sample. 

It should be said that much stronger statements can be made by using, 
more powerful, tools than Chebychey.»s Theorem. With these tools, the probability 
■of a mean of ■ .52 for a sample of 10,000, when the population mean is .50, 
can be shown to* be very much less than . 

. * . Exercises 2'j-lUb 

1. Draw a number line and mark the points corresponding to m, 

»->!(»' • n + 8 i00' m " 2s l00' m + 2G 100. as inFism X 13, . 
Locate the points that correspond to the. means of the next five 
samples F, 6, H, I, J of 100.' in the coin tossing experiment 
. given that the number of heads wcre^as follows: . 

■Number of Heads 
• • . F" .J ..' 

G " 
■ ' II ■ h8 ' ' ;■ ' - 

I- 51" . ' 

; , J ' . 53 

2. When taken together the samples A, , B, C, "D, E, F, G, H, I, J < 
of '100 each make a sample jf size 1000 from the? population P. 

(a) What is thQ^ approximate" value of s l00Q according to the 
result (l)? .. ' " , 

(b) What is the" mo re accurate ■ vcklue of g -j 0 q 0 siven by ' 

■ .2 „ 1 v H - n v „2 9 ■ * 

°n " n II - 1 * • . 

3. .'" Using the result of Exercise 2(b) , draw a ^number line which shows the - 



intervals 



[rn " G 1000> m + s iooo ] 



ana 



4, 1 

, m t-o nnn j , 



3 iooo' m t "°1000 J 

What is the mean" or 'the sample of size 1000 which consists of . 
A, B, C, D, .E, F, G, H, I, and jTX^ocate this mean on the 
number line, 



If the mean of a large population of coin tosses is actually .50j__ 
how lSrge-.-a sample is. required to , be 75 percent certain that a 
sample mean is between .^9 and .51S 



.5. In a population of 1,000,000 letters, let' us assume that 12 percent. 

of the letters are E . Writing 1 'for each E . and 0 for any' other 
letter,- what is the mean m' and standard deviation s of the popula- 
tion?' In a sample of 900 letters it .is found that only 10 percent 
are E's . ■ Would 'this result cause you to reject tjie 12 percent' 
assumption about the population? . 



I 



25-15. 'Summary ' , / 

We can represent a set of data (numbers) by a dot frequency diagram 
in which the frequency of occurrence of each number is shown by" the number of 
dots above the corresponding point on the number line.' The- total number of 
points to the lefi> of and including' any marked position, x on the number., 
line is called the cumulative frequency at . x v A diagram can be drawn to ■ 
"show the cumulative frequency, at x as an ordinate.. 

If a.- line is drawn at a height which includes the lowest P ' percent 
of the»total frequency, the largest number x that is included is* called 
the Pth percentile .- .The lower quartile is the 25th percentile'', th$ ■ 
median is the. ^>Oth percentile and the upper quartile is the 75th percentile 

We can also describe a set of data briefly by two measures: (l)*a • 
measure of - central tendency '; (2 ) a measure of scatter. . 

v Measuring Central Tendency ° 



^^me most important measure of central tendency .is^ the average or. 



mean'.£ v >The average of n numbers x , Xp, x n is 

/ _ x x + x 2 + ... + x n 



The computation of the . megn^fcan often be simplified by using the 

following three properties: 

V ■ ' s f 



(1) x-c = x- c 

(2) ax = a • x ; 

C3) x + y = x + y . f 



■ Two special cases are important: 1 
(a) If the numbers are equally spaced when: arranged in 

order, then x = f * ■ ., the average of the first 'and last 



. numbers 

#_ \ ~2 l 2 + 2 2 > ... + n 2 _ (n + l)(2n + ,l) 
- ■ W 1 = n - — 6 

■ Other measures of central tendency than the mean are the mode , the 
number that occurs most frequently, ( if there is one); and the median already 
mentioned. . i r 

Measuring Scatter ; 

The most important .measure of. scatter is the standard deviation s . 

If m is the mean , ' 

2 / x2 
s = (x - mj • 

The calculation of s 2 is often simplified by replacing m by an 



2 

integer a., computing (x - a) and using the fact that 



(x - m) = (x - a) - (m - a) . .. 

' It may be proved (Section ll) that ' at * least -| of the numbers lie 

within the interval [m - 2s, m + 2s] and more generally that at least 

[l - -~) n of the n numbers lie in the interval [m^- ps, m + ps] . 

P . • . 

This is called Chebychev*s Theorem. 

Other less satisfactory measures' of scatter are (l) the range , the 
difference' between the largest, and smallest numbers, and (2) the average 



distance, d = ]x.- m| . 

The Use of Statistical Measures . 

In using statistics, we often wish to- use a sample chosen" from a 
population t p. draw conclusions about the population itself. In particular, 
we can use the sample mean to. test the accuracy of<a guess about the popula- 
tion mean 'ml We use the fact that if s n .is the standard deviation of 
all samples^ of size n drawn from a much larger population with standard 
deviation v s , then ' 

t-. £■ . 

n n , 



We carry out this calculation for coin-mossing experiments and the occurrence 
of a. given, letter in English. - % 

5 If we compare the difference between the sample mean and the assumed" 
population mean (m) with s and, if .ve apply Chebychev's Theorem, ve can 
judge whether m is *a reasonable value to assume for the population mean. 



Chapter 26 ■ ' \ ' ~ 

■ '* \ , '. . . .■ , 

SYSTEMS OF SENTENCES IN; TWO VARIABLES . ' ' 

• .' : . • •- • • ." , /'.'■•' ' ' ■ 

'26-1. A Decision Problem • / , '. 

■ ■ Suppose that ycm have just become president, of a*: large corporation > 
called. "General Engines ."• Your division manufactures one. make of car and 
one make .of truck. ," t 

Hov many cars, and trucks should be 
• scheduled for next, year's production ' T 

v .to make as large a profit as possible? 

Obviously, ■ in order to' make a decision, you need to -have some detailed" 
.information.- The following details might be available to a president* of a • . 
corporation. * ^ . 

■ ■ (l) The profit on each car sold is $300, and the profit on each 

truck sold is fykQO. 

. c (2) It tkkes 1 2 tons of steel to build a car' and 3 tons of 

steel, to build a truck.. . 

(3) -The maximum number of 'cars and trucks that can be tUrne'd out in a 
- year is 500,000. v ". . ' < 

(h) The amount of steel available to your division next year will be 
'960,000 tons. There will 'be 15,000 tons • of steel left' over . 
from the current year, making 975,000. tons of steel on hand for 
next year. t ■ . ■ 

• Exercises 26-1 

1« . Suppose that you produced only cars'. Keeping in mind the information 
given above: , 

' (a) If you had unlimited. plant capacity, how many cars' could you 

^ /build using the available steel? .-./ - ',-■'' 

■.*'.■ ■,.. ■% * ■ . * • 

(b): .Can you actually produce , as many cars as indicated - in ipart (a)? 

..'■] .-' .' Why or why. not? .'ri . *• . . ' / 



(c) How much profit would you make if you produced 500,000 cars? 

(d) If you produce 500,000 car*, do you use all of the available 
steel? If ni>t, s how much steel is. left over? '■ » 

Suppose that you produce only trucks. Keeping in mind the information 
given above: . . ■-■ 

(a) If "you had unlimited -pjjant capacity, how many trucks could -you 
. ' make using the available steel? ' . , »« 

(b") .Ho^much profit would you make if you produced the number of 

/trucks indicated in part (a)? * • * 

(c) Do you use 'the full capacity of the plant when you produce the '■ .; 
number of trucks- -found in part (a) ? * Do you'use all of the 
available steel? / • 

" Suppose that we know that 90,000 trucks and" 410,000 
^produced and sold this year. 

. (a) How much 'profit was made- qp'jthe cars?. On the trucks?. • ^ 
■ (b) "How much steel ' is needed for. the above production plan? 
(c) How many tons' of steel 'will be surplus, at the- end of next year, ■ 
, • if you use the product^ plan indicated above? ■ 
' Copy and complete the following table string the' information you have 
-collected in previous exercis^co^fliing possible production plans 





' Number of ■ 
cars ; 
produced 


'Number of 
*. trucks 
produced . 


Unused 
. steel 
(.in ton?) 


' Unused' 
plant 
capacity 


Total ■ 
.Profit 

'* 


(a) 


500,000 


0 . 






$150,000,000 


(b)' 




325 , 000 






... « 


.(c) 


1+10,000 






■ 0 


1 



'(d) "What happens to the total profit ..when you decrease the number of 
cars produced from . 500,000^ o .1*0,000- and .incr^se, the. number 
of ' trucks produced ' from 0 t.o.^0,000? . . • ' . .. 



■ * 



(e)yWhai7 happens*- to the amount off unuarfd steel if the number of cars 
" * # • " ' j ' * ' v * ■ * 

produced * decreased from 500,000 ta UlO.OOO and if the* * : 

#v > • 9 ' ;■ / ■ -** ■ ^ 

■ ^number. of.trucks - is .increased vfrqm zero to. 9O V O0#? 

• X-ff' If ■ you G?6ntinue to decrease the number d¥ cars* produced from* 

410, 00& * to ' Qy and^ i increase tigp number o^ tjruSfcs produced from 

. • *'9©/fc)0P ' to 325/000,' what' happens to the total profit? What 

•■•>-, ' •' f - . * 0 ' ■ ■* ■ * 

■happens /fto* the amount of. unused steel?. m . ■ 

^ Recommend a production plaflFso that tihe profit is maximum and tfte 

amount of steel left over is^ winimlim. Support your plan with informa- 
,, 'ijjion about, the expected profit, the .amount oft. unused steelj ang the 
, . " plant use. 1 * - 




■26-2'. The Mathematical Model r 

■■ ' . i ■ ' 3c. 

One possible production plan would be a schedule calling for ' '400,000 

1 

cars and 100,000 trucks. A little arithmetic shows that for this plan 
• » ' if 

, * ■ the number of tons of steel required is 900,000, , 

v and t'he total^profit is -1 $l60,00O,000. 

■ ? The increase in profit, over this year's .profits/would be $1,^00,000. 
The amount of. steel left over -would be only 75, OOP tons. This appears* to be 
a good plan, but i*s it the best possible plan? We will develop a mathematical 
model of this production problem *to help us answer this' question. 



Ok great advantage of, a mathematical model is that you can- do "experi- 

.mer^t© with it using just paper and pencil, .or a computer. You can say, "What 

would; happen if such . and such were done?" . Then you can carry out the ma|the7 ?> 

matics and find put what the model predicts ..^ You don 1 t have to build something 

in a laboratory and test it, or wait | until ..it happens in w the real wor^Ld . .^ifc 
* 0+ f • 
no laboratory experiment is possible, then a mathematical model is often the' 

' . ■ ■ *■ . 

..only' way fc one. can get needed information. For example, no laboratory experiment 
* y * 0- ■ v 

3*s possible if you , want to determine the route.to.be traveled to Ma^rs by the .. ' 

fijgst manned spaceship.' ' ' . 

If (jar model is complete enough', then it will provide* a good approxima- 
■ ■/ • -■ v . * • * * * •* '"'" ■ . 

tion to- the real life -situation;' and w^' can rely on. the answers it gives 'us. 

Of course, the best test we have is to compare the Predictions* jnade using the~„ 

model with the real situation and see how well they agree.'" ^Eventually' this 

'.. ' ? • *'• - . 

■ >? • « ' 53 V .'2 • - >*. 

, > • • . . • : 



must 'always be done. If the agreement is -poor we may ha,ye to add more features 
to "the model. You can see that many . di fferent models can be made for the same 
real life situation, just as an artist can depict a scene in many different 
ways. 

Now - let us continue the analysis of our production problem and trans- 
late the statements into mathematical sentences. 

. Exercises 26-2a 

'. v (Class Discussion) 

If x represents a number of cars produced, interpret the output cof . 
the function . 

f : x -> 300x. ." 

If y represents a number of trucks produced, interpret .the output 
of .the function ; * 

g : y -> kOOy. .* ' 

Interpret the output of the function h :. (x, y ) -> 300x + ^00y.' * 

If P represents the total profit, then represent the output of the 
function h by an equation. ' ( We will call this equation the profit/ 
equation . ) ■ . ' ' Y 

On a single pair of coordinate 

axes, draw the graphs of the 

■ , ■ „ . T 100, 000 

profit equation if ^ 



1. 



2. 



,3- 



^0,000 



(a) P = 150,000,000. 

(.b) P 130,000,000. 

('c) P = 180,000,000. 

( Note -: Use units of 2^,000 
on your grafch.) 

The graphs of the lines in Exercise l j are 
are the same.' 



-4- 



3 0 , 000 % 100, 000 1 5 0, 000 

CARS 

since the slopes 



the line moves away from the origin, and. 



( increases, decreases ) , 
as p ? the' lj.tie "moves' in toward the origin. 

( inc reases, decreases^) ' 

^From'your graph estimate two different pairs of values .of x and y_ 
which will yield the s*ame profit of - p. 3Q, 000, 000,. 

.. ' , ft 



4* 



o 7 



-9* In this production problem do the values of the variables have any 

meaning when, x < 0 or y < 0? ■ 



Nov ve need to incorporate the fact that the amount of steel used 
cannot exceed 975 > 000 tons . If x represents a number of cars produced^ c 
then- the output o.f the function 

s : x -* l.^x ' 
can be described as the number of tons of steel needed to produce x cars. ' 

If y represents a number of trucks produced, then the output of the 
function 

P ; : y -» 3y ' 

can be described as • the number "of tons of steel needed to produce y trucks. 

The oufeput of the function -t : (x, y) -* l.^x + 3y can be interpreted 
as . the total number of tons of steel needed to produce x. cars and y trucks. 
We "can now write the '" steel u^sage inequality : ■ '* ' ' 

. < 1.5* + 3y < 575,000. • 

' . • " |? 

Since we're interested gorily in . non-negative values of x and y ; ve .include 
the restrictions x > 0> y > 0.- Why? 

" ""■ < ■ A 

The. plant capacity is also restricted. Therefore ve heed to vrite a 
sentence describing this restriction. 

. x + y < 500,000 ' 
is called the plant capacity inequality. - 

Nov a' mathematical statement of the problem is as follows: 

. -We vant the number pair (x, y) satisfying the conditions 
x > 0, y > 0, 

and, 1.5x + 3y < 975,000; ( Steel usage inequality) 

and . x + y < 500,000$ (jiiant capacity inequality) 

for which the profit P, 

P = 300x + ho6y, ■ ' . t . V 

is' J a maximum. 

■ . Exercises 26-2b 

1. Draw a graph of the region represented by 

. 1.5x + 3y <. 975, 000 and x > 0 and y > 0. 



- 55' 
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2. On the same coordinate axes draw the graph of the region represented 

by ■ • . .. • ■ r 

x + y < 500,000' and x > 0 and y > 0» / V 

3. The points with integral coordinates in- the intersection of the solu- 
tion sets of lf.5x + 3y < 975,000; x > 0; y > 0. and 

*■ x + y < 500,000; x > 0; y > 0 represents the set of all permissible 
production plans. 

(a) Is there a production plan, represented by a point in this region, 
which will yield a' pro fit. of P = 60,000,000? Draw a graph to 

' ■ support your answer. -( Hint : (300)(?) = 60,000,000, and 
(Uoo)(?) = 60,000,000.) 

(b) 16 there a" production plan which will yield a profit of . _ 
$l60,00pjO00? Draw a graph to support your answer. Is there 
more 'than one plan. which will yield a profit 'of $l60,000,66o? 

(c) Is. there a production plan which will yield a profit of 
^180,000,000? Draw a graph to support your answer • 

\. The graph of the mathematical model suggests that the "profit line" 

should be moved "as far out as possible 'from the origin," since 
moving it out corresponds to. increasing profit. However,- the "profit 
line" must still intersect the. solution' set of the other . given 
conditions in at least one point. 

(a) Find the coordinates of the point where the "profit line" inter- 
sects the solution set and where -the profit line is as "far out" 
as . possible from the -origin.. 

(b) Using the : coordinates found in (a), calculate the profit for this 
production plan. Is this the maximum profit for the' given 
conditions? 



9 The method of solution corresponds 'to moving the profit line as 
"far out" 'as possible until it intersects only the boundary of the region 
that <s described by the. conditions of the problem and does not contain any 
interior points of the region. The coordinates of a point of intersection 
give the solution — that is, t]ie values'of x and y. It can happen in 
a problem of this kind that instead of a single point the profit line will 
coincide with a. segment of the boundary of the solution set . In this case, 

.. 56 , • 
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more than one solution to the problem . exists. However, if the solution set 
is a convex region bounded by straight edges, a maximum can always be found 
at one of the: vertices . * - 

This means that in seeking a production plan we need only to check the 
profit at each vertex of the graph of the solution set. Since the number of ' 
vertices is finite, this is a rapid method of finding the best plan. In the 
study, of these problems (called linear programming gyoblems by mathematicians' 
there is a method of solution called the "simplex method" in which only the 
vertices are used. 

Exercises 26-2 c 

(Class Discussion) 

The -following drawings illustrate the mathematical model, in geometri- 
cal terms, corresponding to several different kinds of decision problems. 
The closed. figure represents the. set of possible solutions. The dashed line 
corresponds to one position of the pirofit line (or whatever- quantity we wish 
to maximize). Move the profit, line in the direction shown by the arrow. 
Tell in each case what intersection of the solution set. with the profit line 
maximizes the profit. • 4 ■ "-'•"i* ' * 
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26-3- • Some Related Problems ' ■ . ' ■ ; ---':^:V^'*- '■' y' '. : A'- 1 - ''• '* 

: . ; You have just studied a particular liiri&r.ipro^m^^) R^T^?/.?^-^™*? 1 ® 
a decision about producing pars .ahd trixclte. Pe6j?leTta- ^ 
and industry are often asked to malfe s^miiar id^cision^ 
have to do with money;, a minimum c3st 'or : a : . maxima 

section we would like, you to 1 Wad - 'about. . some,' different .slt,uations\^Q 3 ^-/ ffl&the- \ 
matical models are very similar *t 9* the \ one derived "i^^ .,' 
, of this* chapter. There are no. , solutions re^ ;; 
could solve simple versions ' of ,-most of. these .problems ubihgr^h'e. teahniques 
illustrated in sections 36-1 arj*l 26 T 2//-, We^tfili defcveloS/;^ 



solving these problems in later sections of the chapter. 

-a. The Diet Problem , ■ 

A diet for losing or controlling weight is to be planned using a 
number of different foods. Each food contains certain amounts • of 
different nutrients per ounce (such as protein, vitamin C, calcium, 
iron, etc.)- Each food contains 'a certain number of calories per 
ouncer .The diet requires certain minimum amounts of each nutrient 
' per day. The problem is to find the amount of each food included 
• in the diet which will give at least the minimum amount of 
nutrition, and will make the total number of calories' as small 
■as "'possible. 

b/ Transpo rtat iom Prob lems 

A' company maintains a warehouse in each'of a number of cities. 
Each warehouse holds a v certain number of units of a given 
commodity (such as refrigerators). Orders come in from dealers 
t in surrounding places. We are given the number of units required 

by each dealer, the distances' from the.- -dealers . to the->warehouses 
and the cost of shipping from each' warehouse^ to each dealer. The 
problem is to decide how . to . fill the orders: how many units to 
-ship to each' dealer from each warehouse in order that the cost of 
shipping to meet all the' orders be a minimum (as small as possible) 

A' variation of. this problem (in wording alone) occurs in military 
ope rat i^ris plann irig. , A nation maintains a -number of naval' bases. 
Each, base is the home of a ceYtsrinv number of .aircraft carriers, 
, destroyers, etc. At- a . certain time' it is necessary to assemble 
a task force at 'each of several locations for maneuvers. The 
•number of ships of each type to renc$bzvous at these spots is 
assigned. The distance from each base to each rendezvous loca- 
V.Vc^:^ % tion is given. The problem is to decide on' the orders for the 
^r/yi'^.V'J^hips : what destination should be assigned to the ships from 
/i:S^tV\%>^?^ "^ ase - in ' order to have the total travel t Irn^ for all ,the 
"oi%?$/vii:^^"iP s a minimum. Notice that in this example and the warehouse , 
■. I'jiv^y*'.: -problem, minimizing time is the --same as minimizing distance. 
<i"ISfei^l" ce .^ uel consumption (for trucks or ships) is proportional to 
' ir'y^ >(\, u iXi stance traveled, -this is also the same as minimizing cost. 

%fS0'X^i 0 ■ ■ ' - 
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An interesting variation is the following: if the task forces 
must be assembled as' fast as possible (say if there is an inter- . 
national emergency), then the. problem is no longer the same. . We., 
would not be interested in adding the travel times of all the 
ships, but in the longest time taken by any ship to reach its . 
destination. .This leads to a different type of mathematical 
problem. 

Blending Problems . 4 

y 

An oil company refines crude oil to produce a certain number of 
barrels daily of several different chemical parts of the oil. 
These parts can be blended to make different marketable products ' 
such as grades of automotive gasolines and aviation gasolines. 
/These products sell for different prices. We are given the number 
of barrels of each chemical part" produced daily, the blending rules 
and the sale prices of the f irial. 'products . The problem, is how much 
of each* product, to produce daily to yield the maximum- income. 

A variation of this problem involves mixtures. As an' example, . 
suppose that two mixtures of nuts are to be' offered for -.sale: a , 
regular mix and. a party mix. The proportions of the- different 
kinds of nuts used for each' mix are.prescribed. Also given are . 
"the costs per pound of each kind of nut; ; the' total supply. of each 
kind of nut- available and^the selling p.rice per pound of the two 
mixes, ■ The problem is to decide, how many pounds of each mix to 
produce out of the given supply so as r to -maximize the profit. 

• Network Problems 

These a>re problems ' involving a network of telephone lines inter- ( . 
connecting cities, 'of r6ads and highway systems ,'. of connections 
in an electronic circuit and so forth. As 'an example,' suppose 
that special communications tables (say for TV) have' to be laid 
to join a number of distant cities. It is not necessary to lay 
a cable directly between each .pair of cities so long as--;some route 
can be found ^between them. For example, a cable need not. join. 
Chicago and Los Angeles; directly, if there, is one from Chicago to 
San Francisco and one from San Francisco'to Los Angeles since 
these can be joined at a switching station in San Francisco. 
Given«the distance between each pair of cities, the problem is 
to determine which cities to join/by cable in order that any city 

60 f 

• \ 63 " ,. • 



in the network can communicate with any other city and so that 
the total amount of cable to be laid is a minimum. . This is 
called the shortest connecting network.- The : same problem fre- ' 
quently arises in the telephone business. If there are n points 
in the network to be connected, there are ji n *" 2 possible net- 
works. This number increases ' very rapidly as n increases, and 
it becomes impossible .'simply to measure all possible networks. 
As. a linear programming problem the solution is easily found. 




Figure 2 

Shortest Connections Network -.* • l * 

Figure 1 shows the ..location of a number of points to be joined by 
the shortest connecting network/ and Figure 2 shows the solution. 

A related problem concerns the maximum flow in a- network. Supr, 
pose that the various .cities in a network are joined by telephone. 

' \ ' , * 61. • 
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"trunk lines," and that each trunk line can handle a certain . 
'number of. calls. If a trunk is fully used, alternate routes can 
be found to place a call, using trunks to other intermediate. ^ 
cities. Given the location of all of the trunks and the maximum 
number of calls that each can handle, the problem is s to v find „ the 
maximum number of calls which can be made at' one time from'one ' 
particular city to another, say from New York to Los Angeles. 

The Assignment , Problem 

Suppose that there are' a number of jobs to be filled and a certain 
number of people available to carry out these assignments. '. Each 
person could be assigned to any one of the jobs /-but he is better. \ 
at some jobs than at others.. Suppose that we are given a rating "; 
-for each person for each of the jobs (say 10 if he is very good- 
at it, down to *1 if he is very. poor). . The problem is to assign-. 
the people to the jobs so as to maximize the sum of all the ratings 
of the people in the jobs ' to ■ which they are assigned-. 

1 The Trim Problem . ' .. % 

Paper mills "produce paper in large rolls in certain standard 
widths only. * Customer orders are received specifying intermediate 
widths desired and?:- the number of rolls; of each j/idth.' These 
widths are obtained by cutting or trimming the Existing rolls. 
Figure 3 shows the location- of cuts which might occur along a roll.. 

A single roll might be cut 'in many ways to. fill different orders.' / 
The problem is, given the widths of the standard rolls, and given 
the customers* 'orders, how should the rolls be cut .so that the v 
amount of paper wasted (unused ends of rolls) is a minimum? 

• -'- ' ; ■ * ■ ■ * 

Cut . . Cut 




26-h. Solution Set>s of Systems ' of Eqtiations ■ • 

J\s you recall, the solution set of a mathematical sentence is the set 
of real numbers which will make the sentence a true statement. 




The production problem discussed in the first three sections had 
r several .mathematical sentences which represented restrictive conditions" in 
i; the ^given situation. We now wish to. consider a simpler system of linear . 
equations like 

. > ; . ■ 2x + 3y - 9 - 0. and 5* - 2y + 25 = 0, r ' ■„ . 

and develop some methods for finding the solution set of this system. Such 
•^a system of equations can serve as. a mathematical model for many different 
■situations where the variables have two different conditions placed on them 

•simultaneously. Our immediate problem is to find an ordered pair of numbers, 
■ (x, y); that will satisfy both clauses of the compound sentence, if such an 

ordered pair exists.. In set-builder notation we are trying to find 

.{(*■; y) .: 2x + 3y - 9 ^0}'/] ((.x,- y) : Jx - 2y- + 25 ■= 0}. 
We will use the symbolism' 

|2x + 3y-'°9 = 0. ■ : 
5x ' 2y + 25 = 0 ■ ; 

as another way to write the compound sentence , 

2x + 3y - 9 ? 0 and 5x - 2y-'+ 2$ = 0. ' 

We will write "only the equation portion of the set-builder statements, and 
• carry the set implications mentally. 

The solution set of each of 'the individual clauses of this compound 
sentence can be represented graphically as the set of « all points on a line. . 
The point of .-.intersection of the. two lines , if they do intersect, represents 
the solution set of ■ the system o: equations. The coordinates of the point 
of intersection are the values of x and y. which satisfy both equations.' 

As you remember, it is * convenient to write the' equation of a line 
in y-form when graphing. ; Our. system, then, . is equivalent to 

• ' • 2' 0 ' ' '. ■ 

y = --- x + 3 ' ; . . . ' 
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The." graph; is as -fallows-; 




. Figure.. V 



It is apparent that the. solutipn set of'.t.liis system is. ^ {("3/ 5") } •; ;". ' ""' , 

' ". " Exercises 26-ji-a . ^ ' V 

i \: • .. (Cl|iss Discuss ipn) • r; * .' V 

Simplify each of the sentences in the systems- 'in, Exercise 1.- You. will 
be given the coordinates ' of ■ one poin\ on each Vine. Put - each' equation in 
s_ope*Lntercept form and .then .dray the graph o^each ' sentence on a single set 
of coordinate axes.. The answers to Exercises 2 through 5 be based on 

the eight lines drawn in Exercise 1.- ^"/v ■ 

Example : . }(l)(2x + "3y - 9) +-(2)(?x -;2y + 25)/- 0 • * .■ 

|(2)(2x + 3y - 9) A (i>t5x -"2y.+ 25)' = : ;0 ' / 

is equivalent to 

(I2x- - y +, hi = 0 ' ' 

9x + Uy- +7 = 0> . ; 
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3. 
h. 



Coordinate of . • 
». ' ..Line. one. point 
Number ■ ■■on line . 



(a).( (l)(2x-+ 3y - 9) •+ (-- 
|(l)(2x + 3y - 9.) + : (-2 

(b|( (2)(2x + s 3y - 9) + 
\(3)(2x + .3y - 9) + 

(c) J (-2)(2x + 3y - 9) + 
'|(-3)(2x ■+ 3y - 9) + 

(d) j (2)(2x + 3y'- 9) + 
\ (-5)(2x 4 3y - 9) + 



-l)(5x - 2y + 25) =0. • (-8, 2) 

2)(5x' - 2y. + 25 ) =^-~""T»& r ' ( "10, .-3) 

(l)(5x - ^+25) - 0^ 
(l)(5x - 2y + 25.) V 0 



(1) (5* " 2y + 25 ) .= 0 

(2) (5'x - 2y + 25). *= 0 



(3)(5x - 2y + 25) = 0 - 
(2)(5x'- 2y 25) = 0 



#3 y d,.-t)* ■ 

® (4,. -6) ' * 

'it 5 , • *(5, A)' 
.#.6 # , (i, 10) 

#7- f 0) 

#8 , (0, 5)-,,... ^/ . 



What observation, can you make about the..coor|inates of the points o£ 
' intersection of the lines in Exercises l(a) t h rough . ^ 
How would you. describe the lines in .'Exercise 1(d)? • 



Do you think that.it is possible 'to choose factors so that the lines 
■are like the ones in Exercise. 1(d)? .Why or why not? ■ 

Did all of .the systems oT-eq^tions have the. same solution set as the 



svstem l 2x +^y " 9 = 0 >m wh not ^ 

system,-. |. 5x _ . 2y + 25 - 0 " , J , 



It should be clear to you, at least geometrically, that no matter what 
factors, K and. M,', we use,, if K ■ M. 9, then the line. /.%■■:. 
'.' ."• . -.(K)(2x + 3y v - 9) + (M)(5x - 2y..+ -;?5) = 0 ' 

will contain the point, of intersection "of the two lines. in the original 

|2x" + 3y - 9 = 0 ■ ... ■ > . 

. . (This., of course, assumes, that a point of-.: 

5x - 2y + 25 = 0 ".. ; \..-, . . ' \ a \, 

intersection exists.) The expression K(2x-+ 3y "9).+ ^(5* ' ^ 4 a 5). 4* 
called a 1-inear combination ' of the two polynomials 2x + 3y - .9 and> t ,\ , '• . 

5x -- 2y + 25.. . ' ' - . • T 

■' 'Furthermore, ii we choose K and M carefully, 'we can fW*\#- ' ■ ".: 

sentences -that represent either a vertical or a horizontal line ^reug'n the ■ 

' '.■* ■■■ ''■'.'. * • <# 
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. . t & ' ■ : ■ • ■ ' • . •'- .: . •• ■ v " 

.' ■* * ':. " 

point of intersection of the ..original system oi K equations. That^s,. if the 

lines intersect' w<5, .can find a system like ; ~.'' '.' . " . . 

....-to ?** .9. AK. . , • ■: ate .-; . 



. . which is equivalent tq^he original* system of ■ equations . Filfe such a syst 



em 



i^- is; possible*. to "read out 11 itfce, Solution of the Original" equival<^^ system. g . 
.Hence, Kerneed select only valuer of. % an£ M' .vhic^vill. resull^i^i a zero:'- 1 ' 
>' ^efficient. 'for y, and choose* values of' .K and .which yllgf' Result in r 
a zero -coefficient for x. ' * ' . • 

• ••: . " :. • . . C \:- • * ••• • 

: * * • ' - Exercises 26-hb <* 1* 

. ' . "J ■ . • ■» (Oral) ■ * 




. * State one pair ,af values To?r £ a,nd jf" which Willveliminate the term 
> containing y and one pair, of values which will eliminate the iferm containirlg 
x Jn the following ^entence^j . ' v. ~ ' * 



i, ;.,(K)(x-.- 3y + h).+ (m)(x + 7y - il)=. 0 * ' • ** ■ • 
■"2. ' * (K)(5x + 2y.- 5) + (M)(x - 3y -,18) ^0 \J • • *\w • . . 

^. . ,(K)(3x,.+ y + l|^- A (M)(2x: - Ty "-■%) = ■ 0 ^ ' . * " ■ . . * 

if. ■•• , (K)(x + 3y - 51 + < (M)(2*x - 3y - 2) = o ' '* ■•' :®>' : 

5. .. f«)(x' : -% + i) WM)(2x + y"- ^) .= 0 ' i* ^ I"**"- '•■ a 



6. ■» (K)(3x + 2y -. 1) +, (M.)(2x - l8). = 0 a ~? ^ ^ 



We^are now. in a position to solve our original system a Igebra^a lly-. 



5x - -2y + 25 =-0 ' 




•(5)(2x +'3y - 9) +,(-2)(5x -. 2y + 25) - 0 fV 



(2-)(2x + 3y'- 9) + |3)(5x - 2y.+ 25) = 6 ."ft" :. ^ ■ M 



•> . v 



19x + 0 + 57 = 0 ■ 15 • *>* 

0 + I9y - 95 = 0 * , «' ' ■ 

(x = -3 _ . s • 
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The solution set -is v ' •. w 

{(x, y) : x = -3}-nC(x, y). : y- 5) 

1 ' • • - . ■- "t(-3, 5)). 

(Remember that the J symbor "<4" means "is equivalent to" . ),,-,, 

• . ' ' ■ . ' „ : ° • Exercises 26-Uc .; 

, • ' Fi-hd the (solution sets of the following systems of equations by the 
method just leve^ped. In Exercises 1 and 2 draw the graphs of each pair 
of equations. 



1. 

■ * 
3. 



(3 x - 2f - lh ='0 v ' • 2. " j5x + -2y =.. h . 
U + 3y> 8=0- ■ ..l3x-.2y.-M. 

13 - 5* * 0 . • ■ -j5x 

l3y,= - -6 - •' l - 



3y» = : x 

I 



h.. -15* - y = 32 

2y - 19 = 0 



5- (3x-.2y- 2 f ;'• . • ;. 6 -. jj x+y .^ 2 



7. . . /a + y : 30 = 0 



y =.7x + 5* 



I a + y - - y J 

x - y I 7 - 0 " r- . < Ux = y.- 3 

9. fj£.- $ " 9 



26-5. ^rallei : and ;Coincident l|nes; Sg^tign M Substitution 
' $ ■ .In the previous sejtions we co$s£dered onfy. situations in which a, 

system of pq-tions had. a solution prt . cons^g of a single -number pair 
*> We interpret this situation' by saying that the ^wo lines that are graphs 
. the -separate equation's of each system have intersected in a single point. 



Exercises 2 6- 5a 
(Class Discussion) 

lj. Consider the system ( 2x "+ y - 5 = 0 



0 
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2x + y + 2 = 0 " 

(a) -Write an equivalent system of equations with each equation in 

y-form, that is, in the form y» = mx'+*b # 

(b) Draw the graph. of each x>f the equations in (a) on the same . 

... 5 

coordinate axes. ■ % ' 

(c) Do the tw.o lines intersect? Why or why not? 

(d) Forming an equivalent system of equations using the- linear . 
combination method and. simplifying v"e get: 

fo(l)(2x +.y - 5) + (-l)(2x + y + 2) = 0 fo;x + 0-y,- 7 - 0 
\(l)(2x .+ y - 5) + (-l)(2x + y, + 2) = 0 lo-x + 0-y -7 = 0 

■ Are t lie re any ordered 4 pairs of real numbers . (x, y). that will 
make the equations in this last system true statements? 

(e) The solution set of " this system is the < ■ set* 
Does this correspond to your graphical analysis in part (b)?' 

Consider the system ■ ( 3* •+ y- - 2 ■= 0 * ■ 

\9x + 3y - 6 = o 

(a) Write an equivalent system of equations with each equation in " 
the' form y = mx + b« 

(b) . Draw the graphs of the two equations in part (a) on the sa" 

coordinate axes. * 

(c) Do the two lines .intersect? In how 'many points do the, lines 
intersect? 

(d) Can you find K so thajt (K)(3x + y - 2) is the same as 
9x + 3y - 6? ' ^ 

(e) If you £ an find K in part (d), this mean's that every solution, 
(a, b), of 3x + y - 2 = 0 is also a solution of 
9x + 3y " 16 = .0- Does this result correspond with your 

. graphical interpretation of the situation in part (c)? ■ 
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': We have, now seen .that for the solution set .of a system' of equations . 

fax-.+ by - c = 0 there, are three possibilities: ' ^ • 

\ dx + ey - f =. 0 

(1) The solution set contains; exactly' one ordered pair" of real numbers 

(2) The solution set is 0; 

(3) The solution set is an infinite set of ordered pairs of real 
* • " numbers . ' ■ . 

'■ Graphically' : these possibilitles^can be interpreted as: 

(1) ' Two' lines that intersect in. exactly one point; >« 

(2) Two lines that are parallel; they do not intersect; 

(3) A single line 'which is the graph of both equations. 

The. y-form of the^linear equation, y = mx + b , is very helpful .to 
us in recognizing which'.ofHl^ three possibilities exist. ... 
(1)'. If the slopes* are not equal, then the two lines" intersect in 
. - exactly one point. ' # .. 

' ' (8) If the slopes are equal, and the y- intercepts ' are different, 

. then the lines are parallel ;' and .the solution set is jfL 

/' (3) If the slopes are e^l, and the' y-intercepts ^are equal, then 
'. the two- equations represent the same straight line; and the. 

solution set is an infinite set. of ordered pairs of real numbers. 

& 

If the two lines intersect in exactly , one point, w^notice' in 
particular that at this point the value of y ' is the same for both* sentences 
Thrives us another "method" for solving a; system 'of linear equations. 

f 2x + y'- : 7 ■ = 0 
\ - y + 2 = 0 " . • : • ■ 



Example 1: ^ Solv£ |. e 



Put each equation in y-i'oini. 
jy = -2x + 7. . 

: ■ ' : \ + 2 -'V * ' * ■ - : • 

•Since the slopes are different, the lines intersect 
; .in exactly one point. . .. <v 

Hence) for the'point of intersection:* /-".■.■ ■ 
.'' , -2x + 7 = * + 2 ; ■ ■ 

- " ' <=> % = :< . . \ \ ' 
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The solution set of this equation is £ £ ) # 

If x is ^ at tlie point of intersection, then Using. 

the second equation in y-form we~fThd • 

y = ^ + 2, ' (We could also use - the \f irst > ■ 
equation. ) ' ^ ' ' . w 

Hence the solution set of the system is {(^ 4 —).)•. 



Example 2: ■ Solve the system 



)lve th 



x + y = 7 
2x - 3y = ^ 



It's easier to put the first equation in y- J form;;'" 
than, the second equation. That is, v. 

y = -x + 7. % • 

For "y" in the second equation ve substitute * 
M -x + 7". , \ ■ < - ' " ' 

' 2x - (3")(-x + 7) = ^ ' 4 ' ■ 

<^=> 2x + 3x 21 = k . ■ >■." 

<=> .. 5x - 21 

<=> v '5x - 25- -,i 

The solution set of this equation is '(5). • 

Since "y "^v^* 7 at the 'point of intersection,.: alfl'd' 

ve know that x is % we : can write: - • ; '., '.• 

« ^ . ^ j. " * 

: y ~ ; -> + 7. ' ' 



The solution Set-' 'of the system is ((5, ?)}. ■ *: . ..*< ;. '• . .' 

• ". -' V: •:.*•/"•: " ..' ■ . ■ •.^"F-Y \ 

The method just described' in the above examples is -' called thef.^V^ \. •' ] ; 4;V 

■ ' • ' ' ■ . > » • ' >. . • ■.""»■ *•'■''.• 

Subst itution method. ..'.'..; ■'■ "'■ > ■, . - « ' *' ■ . /;. 



Exercises -2,6-^b; ' . ,- ~- ' 



.For each of. .the following systems^ otf|ffii^\oiis^ ' ; / 

of' the" solution .set by putting the eq;uatiOTS ^ • 
set consists o'f exactly one ordered pair c^'rj^a^^mlpfe^ 
tio.n method' to solve" the system. _ ^ 



2x - y - 7 = 0 

2y h = Q 



1. { |2x - 
\ 5* + 

":' "-.:3-S- T5x 4y + 2 = 0 
; U-Ox - 8y + 4 = 0 

\ . V' ; ■■ • -.-i 

; ' ... ( 5.. | x - 3y "+ .*) 



V2, 



;h = 0 
11 = 0 



x - 2y - "5 = 0 . • • ; : 
3x - 6y -: 12 = of. 

2x - y + 13 = O r ; ; '•/''• 
x + if = Q . 

K:-+- y = 56 
; x* ■-? y.= 18 

k x>.' : .3y + 2. ..; 



.■■.•Uv 



■i 



Tn/the' ¥ Oli6^^&^exeI i di^S; fill in.the m;Lp^ that 
the graphs -.6f* the tyo ^qwtions are the same 1±net) ' ^_v. ^ '"" 

i, • - 12, ( 5*> (2>y + U) = © T ... • ,, *V^"'' 

\ 15* > {r)y, + 3<= & • • v * - : a ■ 

' * V., ^ J ; >v $\ b c • 

, . H. ' ■ What; relation relatddns. must ex£S^a.1nong tfte ratio's/ ^. , - , arid f - 

' ■>'..'■. . - ,V-i, , * \; » v V 4 v ' /-V " • ' ... « ■ 

f • ' so that tfce graphs of tlievWqvit^oqs-. in \he fpU'o^ng syqteji ^re t^ . w 

.line.?-, .. a >v . v ^-. ; ^ ■■ ■ r ; 



SO:: that 
same 



ax 



-.n- 



k</ In the f ollowing 

' the> graphs p.f -the 



14., 



lowing exe^ises fill in the mi^s^ng^oe^ficieni^s so that, 

■ ' • . - .'■< 1-' ii, * v \ . \vi.^ ^ -M y v' 1 ; • °°- 

iiwo equations -a;^ ' r ^'^%' * 



+'.ay + 5 r 0 ? : 15. ' |( %t-^y + •( ') =| 



• Ux +- ( )y +• ( ; )•>• 0. 

16; ( 2x - py + 7' = 0 

t^-.--":C )y + .(• ) ='-o( 



v.; \. i - ' v 1 . 



1 \ 



"v*;t-' •-■ '.••••:••. -.i^.r . 
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17. What relation or relations must exist among the ratios ~ , ^ , and 

so that the graphs of. the equations in the following system are 
. parallel 'lines? " 



ax + by + c = 0 
dx + ey + f i 0 



26-6. '. Graphical Solution of Systems of fnequalis^ies 

As you remember, a line separates a plane- into three non- intersecting 
sets of points; (l) .the se_t of- points on the line, (2) the set of points in 
the half plane on one side of the line, and (3) the set of points in, the 
half plane on the opposite side of the line, * 

■ The simplest way to find the graph of a sentence like-. 

3x - 2y + 6 < 0. 

•is to graph the equation 

3x - 2y + 6 = 0. 
In y-f orm an equivalent .equation .is ' 




The graph of this equation i*s- the^ ine with , slope * and y- intercept 3» 




To find' the half plane which is the/solution .set of 3* - 2y + 6 < 0 
we can use the equivalent sentence" y > | x + 3'. If; * -0, we see that 
y > (0) + 3 or y > 3. These are the points on. the part of the y-axis 
vabove the line 3x. + 2y '+ 6 •= 0- Therefore the points in the half plane 
above, the line,- 3x + 2y .+ 6 = 0, are in t>he solution set of the original 
sentence . J 

We can also determine which half, .plane is the graph of the inequality 

3x - £y : 6 < 0 

• by checking the coordinates Of a single point in one of the half planes 
Usually the easiest one to use is the origin, .with coordinates (0, 0) . 
If the sentence, 3x + 2y + 6 < 0, becomes a true statement when x and y 
are both replaced by "0, then the origin is a point in the graph of the 
solution set of the sentence. Furthermore, . every point in the same half 
plane as the origin is on. the graph of the solution set of the sentence. . 
If the resulting' statement is false, then the half plane on the opposite 
side 'of ..the, 'line. is the. graph of the solution set of the sentence.^ If the. 
line passes through the origin, it is helpful,- to choose a point on one of ■ 
♦ the coordinate axes so that - one of the coordinates /. a zero. 

/ . 



Note:- 



3x - 2y + 6 < 0 



o 



/ A -1 

/ 0? 



The line is not solM 
because the points on 
the 'line are not in- 
cluded in the graph of 
the solution set. If ■• 
the sentence had been 



3x 



- 2y.+,6 < 0,'. 



then we would have - 
. included the,'points 
on the line.' . 



Figure- 5 



The shaded region represents "the .solution set, namely 
((x, y) :3x - 2y +6 <.Q). ' 



7H 



) 
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To find the solution set 6f a system of inequalities , like" ' 

x -.2y 3 > 0." ■ ; ' . 

2x + y +■■ If > 0 " 

we find the graphs . of the functions 1 . "f (x, . y) -> x - 2y - 3 and 

g «'(x',>y) _> 2x + y, + If, graph the solution set. of ea civ of the " inequalities ■ • 

in the system, and find ttaeir intersection;, .that is ■ * 

. "i* ■ t(x, . y). : x- ?2yfr- 3 > 0) f) l(x, .y)::' : 2x + y t>"> 0], ^". 

■ ^ : 

Note - : Th«*doubly shaded region, 
> alfong' with the solid -half 

line, represents the • 
solution' seiv'af the"- 
' ; system of inequalities.. 




Figure 6 



Notice 'that the shaded region is unbountjecl? ; that.- is-, it extends* indefinitely ■ 
to" the right. . . \ • ■ ■■ .V' ■ 

If the system had beeh writterf , "'■'„""■■■.■'. 

■' x - 2y - 3 > 0' OR 2x + y + k- > 0, : . ' - ■ 

■ then -the 'graph' of the solution set would be. represented' by all of the regions 
shaded in Figure' 6, and the line, x 2y - 3 = 0 # In.. set-builder' notation 
the solution set is • • 



{(x, y) : x - 2y '- 3 > 0] (jf(x, y) ■': 2x + y + If > 0) 9 - 



78 , •;■>, 
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Graphs of solution sets of systems like 

3.x - 2y + 6 > 0 r 
x" + 2y - 10 < 0 . 
•x > 0 ' • 

• y > 0 

can be found in a similar manner. 




' >; - Figure 7 

■ ■ The solution set is represented by the region In, the interior ol 
' quadrilateral.. ODBA,/ and, the segments' Op and OA not including, the end 
points A and.D. Notice that the shaded region- is bounded; that" is, it 
is enclosed and a definite .number will represent ^ts area. In set-builtler . 1 ; V" 

notation the solution sel^i^ . 
* * ■ * ■* ...... 

t (j f y). 3x-2y + 6 > 0}Fl.{(xiy): x + 2y - 10 <■ 6}n«x f y): x > 0}h{(x,y):: y > 0} 

• / ' • . • 7"; 
* In this kind' p.f. situation it is often simpler to shade the region ; ; 
that isTiot in the solution set. of each of ■the sentences ae ■ in. the -following. 
' figure. ■-; . ' - . ° 



4 '" j Figure 8 ^ • 

. The solution set ."now is represented by the unshaded interior of the 
quadrilateral ODB£ , and the line segments OA and QD not including the 
end points A ■ and D • " 1 

Exercises 26-6 



On. -.separate coordinate axes graph the . solution^ sets of the following 
systetns of inequalities. State' whether the .solution set is bounded ' or "*.":' 
unbounded. 1 - V 



1. ■ 



. 8. 



x> 0 
y > 0 
x < 2. 
V y < 3 

f. 2x- + y > 2/' ' 
x + y < 1" : 

x + y < 2 
2x + 2y <.k 



\ x > 2 



r -4 



J 2x + 3y^< l h\ (x 
( x - y 5>V : ■ • (x 



llx 



( X 
. |2x 



* - y > '2 < 0 
y -k 5 > ' 0 



y| < 2* 
< 1 



x + y < 5 
y. < 3x + k 
y < -x. .+ ' k 



+ y < 2 
+ 2y > -5 



.10. 



2x 



5. < 0 or 



3y + .6 > 0 



11. (2x - y - 5ftx'- 3y +. 6) < 0 ' (Remember . ab < 0^(a < 0 a n 5> b ■< 0) 
, .. ■ . or (a > $ and ' b 9 > 0) 



" r 12. v f-U < x 

v - v .. X-3 < y. 



<3 



26-7. Applications ■ ' * 

; As indicated 7 in .the beginning, sections, systems of sentences in-. two . ' 
variables can>erve ; as mathematical models ' for many - different practical 
" situations,. "'The purpose of this section Is .to give you- some practice ; in^ " 
.(l) constructing s^tems.' of sentences in 'twd variables " th^t are. good mathe- 
matical models^ (2 )-^Wing the solution sets o.f the. systems, and (.3) inter- 
preting the ^ema'ticalSesults in the language o.f -the original situations. 
You should choose' the method' of 'finding" the solution set which seems easiest 
to use, -We 'will f irst consider some ^rojoj ems whose model is a system of - 
linear equations /\ ■; 

• Exercises 26-'7a 

* \ .. ' (Class Discussion)-' « 

* "Going with, the tide a. boat traveled I5 miles in /30 ; minutes-. ■> 
Eeturijing halfway against the tide, required. 1+5 minutes. Find 
the speed of the. boat -In .still water and find the speed of the . ..'/ 
■ • •*, '• ^tide.'-f - » ■ '-. 

x represent a 'spQed of a boat in. still water- in miles per ' 
V.*. minute and y* represent a speed of a -tide .in. miles per minute.. 
'■ V; ■ Tljen-the output of the fun.otj.pn . ■; " . 

■ - •."'*■■■", - : ,.f" .: (x, y)r*'(X + y) . . ' , 

,. ' .' ** . ' " * V. ..- ■ " " § V 

ife 'desarTbeeL as ■_ ?_ * % 

./ ■ ' ' v ' ■■' ■ ■' ■ ■ 

'. 2*. VThVou^tput of the function . . 
; >• s ;,. * p ' g : ■ (x, y) -> fx - y) ' 
; . is ;degeribed as ■ • ■ ? • , 



•\CV Ay. 



.. . - ' 9 ; • ; ■; ^ . . 

■3. " The -output of the'" function ." ■ 
f ;"; ' ; '.."'•■■ , ,. ' M (x, y). -' (x\+ y)(3C) • 

. *" . r ' is "described: as .• " ' ■' ?' . 

V. " The output of the.- function- * . 

• ""■ i. , .: : " . . ; (x, y)' -* ( x - y)(^5) **>.,;/■ ■ 

■• "is described -as. ?. '. ■ " '« 

5* : " ( 'What ,do. . 7-5" and- 15 represent in the aftove '.problem? 

6 . . ■ : The s y s t e m . o f ■ equat i b n s repr es e rt t i n g ■ t h is sj.it ua % io n is 
7../. ' The -solution set -Is". ((-:■.■"?;.;. )3i " ; 

8* The speed- ..of, the ■•'feat -in. .sftiffi' water- is ■ •' . ?, ' mpm. and the speed-. **V-r5" 

of .'the. tide is S " •? ■" _ mp$i : . '(-Np.te .t^at the speed -is. in' >'iles per- ■ . r^... 
^ t mintiteV) •' " \ ■•' , , ' \* * 6 ■ '. ' 



Exerci ses 2.6- 7b . 



.Analyze each of the' fallowing problem situations and write *a system 
of equations -which -will serve as* a mathematical in^lelT Find the -solution set' 



of 'the system and.answer the questions,' asked' In, 'each, problem'. • '• " ';''." 

l\ A bank teller;, hap \l$k bills, of, one-dollar' and: ; 'five- dollar denomina-.' . 

■\ \ t ions'. He thinks, his "total. : is •tykb'}.' Has ..he .'^bunted 'his money 

.correctly? Just iiy^y our. a newer. ' *.-.■.•' 1; . . '•■ * 

2.^o/ -'Find an equation ' of. the : line, which contains .the inte^ection of the 1 
, y - lines> . -^x. - Jy r 1 ="0..and 3^.-;. 6y f .5" = p ? -and wh^ch passes through 
. ' the N orig'in._ ( Hint : '- What, is the' value of C : . so that -Ax + -By- + C. =' 0 

' *■ "* ■ isia line through the origin?) '. * «•...•■, ,» - ; -vf-* " 

■ * ■ ^- ; * ■ ■■ ' " ■ 

3> To chlorinate- thB water -supply . in Shady Hills /.^Ho ratio- Algae ' must ■ ' • > 

prepare .each *lay ' exactly.; • 20 gallons : pf a Psip^t ion t%t v is 35 " percent 

- • . chlori'^^- To do this*, he"" mixes an 80" percent, solution of chlorine * 

with wajMp, thaf is. 1 percent chlorine-. . /Hpw^tnany . gallons of the • 66 ' 

, -" percent Solution'' should.- ne, use? ■./.*'•'' 



As a boy; Horatio^ Algae sold -papers on a-st'i'Set corner.. He received 
. cen-i ; for. each- paper^ sold ; bn a week day, ■ an 5}- 2 cant^ 'for. each 'pager 

.'a . t. " . * ■ *>...#• . t ' ■ ( 

sold, on' Sundays During one- week he sold 170CA papers, including 

• • * *' .-:.f • ' '."''ii* ^ "*.'...' 



7. 



Sunday sales. , He 'received , 22 dollars for the week. Hpw many papers^ 
did'he sell on .Sunday? .- • 

Students in the mathematics cl^^bady. Hills School field a benefit 
•piesta to raise money for tfieiy'spriW'Vacation.t.rip to Acapulco. . 
. They , sold enchilada dinners for ' 75. ceri*^and^aca dinners for 5 0 
cents. The total number of dinners they, prepared was. 6000. The . 
club needed >000 , to, take, the trip- to Acapuico. ' How^many dinners . 
of efac.fi. kil|d_. shpuld^they prepare? ' ' 

6f' :> Ofisei^j^Mje shown that the Fahrenheit temperature is 39 more 
;er of chirps made by the common black cricket in 15 
'ZjtBjf&i$i the 'temperature when the number of chirps* per 
ecSds %" exactly,- two-fifths of the Fahrenheit temperature? 
Two grades "of gasoline are mixed^t^ one selling for "35 cents a 
V .. gallon, and the other selling for 28 cents a .gallon; / How many . 

'^gallons of each grade Most be blended to obtain 500 gallons of the . , 
" mixture to sell for 30 cents a gallon? . • . . 

8. fC a' man -made two investments, the first at h percent, an£ the second 

at ' 6 percent. ' Ife received a yearly, income from, them of .^00. . _ 
■ If the total investment was $8*6, how much did he invest at .«*^.^ 
rate? •' ' '. ^ \ • > v - 

" 9 - •* An artist'was called upon to' design a mobile to decorate the entry to 
, a large -building. " One of the 'parts consisted ofV° large, abstractly 
-:. •' shaped" pieces of .cast . iron. One piece weighed-. 50 pounds and the .. 
V. ■ oth er 135 pounds. The pieces were to b^ suspended from the ends of . 
:• a .steel rod 20 ft. long. At what point shguld the attachment t^ 
; the steel. rod be made teo that the mobile will balance^and hang 
.... properly?'"' (That .is, lere'is the balance point?) . <\ . ' ^ • 

l0 "' 'Foreign' agents. in a MerWsL 300, -traveling 120 miles' per hour, ^ 
■ > ' ••• ^^ased' a gVoup of hidden FBI agents on \ highway . The FBI Mediately 
' v -V= radioed an alert [to • other agents and. set out in pursuit^ their super. 
'. -.' charged Cobra. They had traveled only a short distanceVhen the 

- ,Marcedes ; hulled ^ast W^W* -the opposite Wrection^raveling . 
•' 'at t^r'top apeedof 120 \ mphV The. Mercedes^ finally 'stopped ... 

.. r'bV'a roadblock, but. *he secret documents Hhey had; stolen, vere^not . ■. 

" found. The PB| agents' said that'the Mercedes passed .them the*econd 
• -time just lO^iles.beyond the point where they ^originally . 0 



• "hidden, and 17 minutes after they had passed- them the first time. * 
Assuming that the foreign agents took two tni.nut'es to make a stpp, ' / 
turn arounc^hide the documents, .and reach top- speed again, hbv far 
from, the o^jjginal observation point should the s.earch start to 
£ recover tjie stolen documents? 




. Nov let's consider' some problems* like the "decision .problem"- discussed 
at the beginning of rhe 'chapter. . Most of the "problems »wl'll be stated simply. 
We 'will consider only, problems involving two variables so that we can illus- 
■tratie, ou^" results graphically J . However, the basic methods could be extended . 
to* 'solve more corai)?^^ted^;prob\Lems , » . * 

, Exercises ; 26-7 c 
***r*v ■ ■. \ > V. '^^l2 : ss Discussion) ^ 

Transportation Problem : Suppose- thaV a company' maintains two 

wa^hbjpfees in California containing transistor radios! One ware- 
• * . • ■ - ■ » . ■ . v " 
house^ is. in Sa^n Francisco and. the other is ;in Los Angeles., . * ' ; t 

Suppose- that you, want, to transport by air ¥ 300'. .radios to stores '■ 

in Chicago and l80 to New Drleans.. Each store wants at least 

twice as many "Super Static" radios as "WaveVing Sound" radios. ' 

"Super Static" radios are stored only' in Los Angeles and "Wavering 

' Sounc}' 1 radios are stored only in San Francisco. . it the following 

is a table of shipping cbsts per ratiio, what -should^h'e shipping 

order be to minimize ^ie .cost- of t/ransportatio^i? ; •■ : « - 



S.F* 

'(from)'—: 



L.A. 



Chicago 

i 

$1.00 , 



$2: 00 



New Orleans 



' $2.00 



.00 



1,, - . ( ilf • x represents, a number of radios shipped from' Angeles to 
' ; : v ■ .Chicago, then the output of the function ■ ■ , 

\ : • : - ' ; ' ; V 

Jfyl . . .. f : x -» 300 ■- x 

■ ; . can- be described as 



& — : : — ; — - 

If y*-' represents a number 'of radios Shipped from Los Angeles to * 
New Orleans, - then the output of the function,.. 



g : y 



180 - 



can "be described as 



1 



Fill in the following^ shipping table shoving the results of Exercise 1. 

Cfo) 



( from) 





Chi-cagO' • 


New Orleans 


S.F. 




* 


L.A. 


x • 


y • 



Using the given table of shipping costs describe the outputs' of the 
following functions:' 



x^(2)x 
■ x -> (1) (.300..- 
y -> (3) y • £W;f- 

y -> (2) '(l80 - yJ&Vv 



(a) h 

(b) i 

(c) ' 0 

(d) . k 

C •= 2x + (300 - x) + 3y + 2.(1*80'.- y) . represents the .total shipping 
cost . Simplify this equation". V " y 

Each store wants at least twice as many "Super Static" radios' 7 as ^ 
"Wavering Sound" radios". This means that x > 2(300 - x) and 
y-> 2(l80 - y). -Simplify these sentences. . 
Since we know that a negative number of radios cannot b*e shipped, ^ 
we want. the number pair (x, y) satisfying" the conditions: , w 

x > 200 , 

y > 120' . ■ / ; . 

' * 300 - x > o- 

180 - y > 0; y ; ; , ' ' 

. for which the. ^ . ' / ' v 



V 



C = x + : yv+ 666* * 



, ( minimum wjja maximum) 



The shaded 'region' is' a graph ojgihe solution set' of the inequalities 
listed :in Exercise 5-' Copy tftraph artd draw the lines representing 



•the "Cost Equation" for C = $1160, C = §860,- C = $1060", and : 

G = $980. ■ • .. ^ • .. ' . ' ■ 
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9- 



10. 



11. 



12: 



13- 



What are the coordinates of the point whfcre the cost will be a mining 

"Minimizing the cost, hov many radios " should be shipped from ^ ■ ' 
Francisco? Hov many should be shipped from ios Angsies? . 

(to) K , : f 

Hpii Orleans : 

V » ' .. - 



■Ik. 









Chicago 


New Orleans 






S.F. 


' ? 


• • i' 






( from) : 

L'-.A. 

'. 


: 200 


. ? 



Diet Problem : "Jack Spratt^ould eat no fat, his wife could eat _ 
no lean."- Jack must" eat at feast 12 pounds of lean meat per. - 
week and his wife needs no more than 6 pounds of fat per week./ 
The beef they buy is. ■ 10". percent fat and the_j?ork they buy is 
kO percent' fat. If the cost of beef is $1.00 a pound and the g| 

' cost of pork is $1'.00 a pound,, hov much of .each should they* buy 
per week to satisfy their diet problems and minimize the cost, 

" if "they have to buy at least 10 pounds of beef and at least 5 
"pounds of pork, per week? . * t . 

if x represents a number of founds ,0^ beef . purchased ^er week, 
then -describe the output of the functions: . ■ • / / _ 

J ' ' f 5 X -» .90X-.. 

V ^ and g : x -» .lOx/T. ' 

If. y ^presents .a.. number of pounds of ^pork purchased per wee*/ 
then. describe the output of the functions: ' %; 

h : y -> .60y . „ 
< ■ ' and- k : y -> AQy. 

Describe the outputs of the following functions 
0 .. . 

p : (x, # y) -? .90x,+ .60y . 
,' a . "( x , y) ->'.l0x + ;J+0y. 

c = x + _j_ represents the cost of x 'p ou <| 
of pork per week. \ . 

A mathematical model of the situation is 
" . x > 10 and 

. "• • *y > 5 
.90x +'-. .60y > ? and . - 




'ft 



?f ■■ bedfOfti "Ash pounds/'.^/ 
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ERIC 



15. 



"for which : the ; . cost". &, ' -C '+.iy-V'is a ' :, 'vf ' • ; \* 

1 ■ ' . . ,.' ' ' . . (minimum or maximum) 
The shaded' region. is^ the inequalities - : 

Misted; -in Exerci'se Ik. :; Cop;y the/^raph'-and draVthe lines . representing.' ■ • 
t£e : "Cos^^quationj T ';fpr d .= : 10^./ Q] ' = 2'0 and.'. C = 05 where C is • 
in' dollars- 3 .' •'.'..*..< V* * V VX. . \' '>'// • ; " ; : ' ■ " ". -• s' 




18. 



•Wfrat»>are the g^^di"nates of the. point .whe re 



the'/.cbst ' will be 'a minimum? 



17. How many pounds o^beef* are, bought per week? 



"to* 



-How many pounds qf./P^^jre. bought .per -week?, 

How many pounds-, of lean' meat' does Jack •cet?- ' 1 
• How many .pounds ,of fat' does ^is^wife get? '. 



4 

4f 



. 1 \ 



( 
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V^-j?- - -'. Ending . Problem : >fci^ dif^^/cornppunds, . ^ 



';C.Vitamin A. 



■,"VxtaTtp.n B 
v.*/.- "■ 




".' 5- ' units, per oz/ .'■ 



5 units per oz. 



v ' 'd;r^gis\ wants- ^ 

; V ' «&^*o .^-amount; of Compound Y used 



J. Q 



to contain at. least. ,.20. 

iri."V 



^i£ be ..at tiroes fhe amount of Compound X, Hov many' 
.;^U,>n=;='o? ^o^^e^b ,he fixture as cheaply, as possible? 

Cv '"' f"'^ ' fr'n^i-we.- deluxe mousetraps. One 



" ^f* ' "^iS^fedi^e mousetraps. ■ One; mode L was, called 
' ^ lU^m^m^ at^fe o%r^odel was., called "The" Catapult Since 



■'•tf^^Le Guill^e'i i^^igopula^. mouseup, . Horatio produces at 



*^> &st fo ^;4e Guilli^l^T every "Catapult" mousetrap produced. 

^if b^^^^^# S Were bUiU UGinS tV ° aUt0raated mchineS - 
* '^'buiaSSusetra^^.worK must be done on. each- machine. The. 

rte/r^i^;^^ 2*Sh for each mouaet x^p is given 



Machine I 



'j^acjnlne II 



"Le. Guillotine" 



"The' Catapult" 



Because of 'other important pro^ctio.n requirement^ neither machine can 



iductiojj M 

Id mo^Sps 'ror morg than, 'minutes per. <M- Horatio pakes a 
Jrffit X,f- >'. on "Le' Guillotine" and a profit of ^8 on "The _ 
> Oafapult-:- Hov many of ea.ch V.ind of mousetrap should' Horatio build 
^ aay -to get the maximum profiij (We assume that he can sell all 
7 'that he can build/). 



:.¥:-....'v:'' : V. 
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There are* two student workers' in the school cafeteria, Oliver and 
Shadow. -..Oliver earrfs $2. 06), an hour and Shadow earns $1,50 an 
hour. Oliver can make* 10 pies and \ cakes in ah hour and Shadow 
can make . 6' pies and h . cakes, per hour. 





• 


m 

Pies 


Cakes, 




Oliver 


10 






Shadow 


■6 


• ■ k ... 


1 









No more than sixty pies and at least thirty-two cakes are needed. 
How many hours should each student work if it is desired to. keep the 
• labor* cost at a minimum? 

A store : stocks two '-brands of transistor radios, "'feuper Static" and 

"Wavering Sound". The store • owner has room for no more than sixty ' 

...... 

transistor radios in the store. He also knows that at least twice 
as many "Super Static" radios are sQld as "Wavering Sound". *■ He makes 
$10 profit on "Super- Static" radios' and $12 profit on "Wavering 
Sound" radios. How many of each kind should he stock to make the 
maximum profit?. 

A dairy farmer produces two grades of milk, Extra-Rich and Lo-Fat. 
For every gallon of Extra-Rich he produces from one to three gallons 
of Lo-Fat. He cannot produce more than ten gallons of Extra-Rich 
^milk in one day. He sells the Extra-Rich milk to a. commercial dairy 
5 miles away alf a profit of 20 cents a gallon. He 'sells the 
Lo-Fat milk to another dairy 3- miles away at a profit of 10 . cents 
a gallon. He ha 3 only enough' time and truck space' to transport 
60 gallon-miles j)^r day. (This means that in one day 60 gallons 
can be moved one m!W.e, or 30 gallons moved 2 - miles, or 10 \ 
gallons moved 6 miles, etc.) How* many gallons' of each kind of 
milk should the farmer produce in order to maximize the profit? 

L ... 



26-8. 



Summary 
Section 26-2. 



' -A mathematical model of certain kinds of. .'decision problems can 
be constructed .and useful information can. be derived' from that, model. 
The solutibn/'to ; such a problem is found on the boundary, of the region 
describei"4|%'he' -.conditions stated . in the mathematical -model. * We. 
maximize. '( of. minimize) a quantity by movin & a #ne away (or toward) 
the origin' so that- it remains parallel t/3'.lts original position. 

»• • .• ' t ••••.''. 

Section - 26-3. * . . , ■ 



• ' A vide variety of problems irf raedicin'e, business, government, 
gLnd industry can be described and solved using linear programming 
methods.. ^ ■ - ... 

Section 26-^.- j' * J 

If a system of equations ^ >. >; ; , < 



Ax + By + C 
Dx'+ Ey +-F 



0 
0 



has a solution, then the coordinates of that point will also be a 
solution of . " :- ,''' ■ 

K(Ax + By + C) + M(Dx + Ey + F) = 0, K'M / 0. 
We can derive an equivalent .system of equations \sirrg this fact so 
that one .equation represents a vertical li he through the" point of 
intersection -and the other equation represents fa horizontal line 
through the point of intersect ion. 



' We achieve this result by choosing K/and M ; ^so that in one linear 
•combination the °y-terms are elim^ated, and*ih the others-linear 
■ combination K and M are chosen^s^hat the x- terms' • are 
eliminated. , \\ ■ 



Section 26--5. \ j «•.' . * • ■ 

The graph- of a' system of two linear equations; 

'(a) can intersect in one point, . 
(b) : can 'be "two -parallel lines, 
or ( c) .can be the same line. . .."'■'• 

Under these circumstances we say that the solution set of the system, 

» j. • ■ . ■ ■ , 

|(a) contains exactly one' ordered' pair of real numbers, 

fb) is the empty set,— - . 

or (c)/ is an infinite set of ordered 'pairs of real numbers.' 



We can use the si ope- intercept form of , the linear, equation, ' 
y = .mx + :b, to recognize which situation exists.. If the slopes 
are not equal the lines intersect- in one pointy If the slopes. are 
equal 1 but. the y- intercepts 'are (^afferent, then the. lines are 
parallel. .'If the slopes are equal and the y-intercepts are equal, 
■ then -the lines are coincident. ^ 

If . two lines intersect > then ve note that the ordinate* of the 
point of intersection .is the same for both equations. We. use this 
fact to develop another method of- finding the solution of' a system 
of linear equations. ■ We ^all this method - substitution and. simply 
replace "y" in one equation by the expression in x ' found by 
putting the other, equation into y-fo.rm. 

In a' syst'em of linear > equations i ax + by + c =; 0 . 

■ v I dx + ey + f ' = 0 

-if t = — = 4 , then the lines are coincident; 
b e f tf ... ■ 

a b / ' c ' ' \ 

if — = — f -z t then the lines.'-are parallel; 

■ . d • e ' . r ' . ' ' - , 

a / b . *' 

if — f — ,. -then the lines intersect in a point. . 

Section 26-6. . * 



' .... The solution sets of systems of„ 'inequalities can be found by 
graphing the related .linear "equations', and then determining which . 

/region is described by-' each inequality . Usually the region can be r 
determined by using the .coordinate's of the; origin or some point on 
the vertical ax'is ■ to decide which half ' p^Lane is in the solution' feet . 
If .the coordinates' of the point make the inequ^lityva true statement, 



. then .all *of the coordinates of points "orF^hat side of the ^irie are >. 

in the solution set. : If they do not make it a true statement,, then 1 . : 
:'.»the coordinates-^ p^t* nT1 thp opposite sid e ,pi v -the ^Te are- in the 

.solution, set. The .-inequality can also be. put into y- form- . and- the 
..•region that 'is in the solution set can be determined by seeing which 

part of i;he • y-axes has points whose coordinates^satisfy the i n- 

'equality. 0 ' » ."' ; V 

• Section 26-7. 

■ Systems .of linear equations and systems of inequalities.. can 
serve as -mathematical models of a large number of different situations 
W f e .use systems of sentences to derive important mathematical results, • 
as well as to derive important results in various applications of 
mathematics. * v. •■'..'*. 



